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Abstract—We study a problem motivated by cognitive radio
in which the primary is a packet system that employs ARQ
feedback.A secondarysystemis allowed to transmit in the same
frequency band provided it ensures that the primary attains a
speci ed target rate. That is, the secondaryhas a certain “inter -
ferencebudget” The crux of the problem is that the secondary
doesnot know how much interferenceit createson the primary
and therefore is ignorant of its interference budget. Absent
this knowledge, we propose a schemein which the secondary
eavesdrops on the primary' s ARQ and usesthis knowledge to
stay within its interfer ence budget. Under certain assumptions,
we shaow there exists an optimal rate-interference budget (RIB)
tradeoff. We compare how far xed strategiesare from this RIB
function aswe vary the interfer encebudget. Further, we exhibit
a strategy that is optimal beyond a thr esholdinterfer encebudget
and within 1 bit per primary packet elsewhee.

I. INTRODUCTION

A cognitive radio is a device that can senseand adjustits
power, frequeng band, etc. such that the primary systems
for which thesebandswere originally allocatedcontinueto
function[1]. The FCC andinternationalregulatorybodiesare
consideringmodifying their rulesto allow for suchsystemgo
sharebandswith preeisting, predesignegrimary communi-
cation systemsthat must continueto function.

There has already been work to study how easy it is
to detect the presenceof a primary system|[2], [3]. An
information-theoreticmodel has also been studied and is
sometimesreferred to as the cognitive radio channel [4],
[5]. This channelis a variation on the Gaussianinterference
channel[6] with the modi cation that the cognitive radio,
one of the transmitters knows which messagehe primary,
the other transmitter will send.The authorsof thesepapers
also assumethat the cognitive radio knows the statisticsof
the interferencethe cognitive radio generate®n the primary.
Under theseassumptionsthe authorsdemonstratehat it is
optimalfor the primary to usethe sameGaussiarcodebookit
would in the point-to-pointsetting. The result highlights the
fact that in cognitive radio problems,one doesnot have the
e xibility to modify the designof the primary system.

While we presenre the spirit that the primary systemdoes
not have to modify its design,we do away with modelling
assumptionsthat require the cognitive radio to know the
statisticsof the interferencet generatesn the primary or the
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messagehe primary intendsto send.Absentsuchknowledge,
the cognitive radio needssomeway to infer this knowledge
and adaptits rate so that the primary can meetits rate target.

To do so, we restrict our attentionto the casein which the

primary systemsendspaclets and emplgys ARQ feedback
to determinewhether or not to retransmitits paclet. The

cognitive radio transmitterand recever can also listen to this

ARQ 1, which allows the cognitive radio systemto adjustits

rate appropriately This is summarizedn Figure 1.

We

Fig. 1. An exampleof thetype of interferencechanneffor our cognitive radio
systemin which the primary hasmessageVp and the cognitve radio has
messagé&Vs . The cognitive radio encoderanddecodercanlistento the ARQ
feedbackhe primaryrecever sendgo its transmitterto adaptits transmission
rate and reduceinterferenceon the primary system.

If the interferencestatisticsthe cognitive radio generates
on the primary systemare stationaryergodic, then the cog-
nitive radio can use an almost neggligible fraction of paclet
transmissionsto the estimatethis and select its codebook
appropriately However, the time scale of a primary paclet
transmissiormay be too large to guaranteecoherenceof the
interferencestatistics.We assumethat the primary's paclet
erasureprobabilitiesarelarger whenthe cognitive radiotrans-
mits but can otherwisevary arbitrarily. Under sucha setting,
past performanceis no guaranteeof future behaior, so the
cognitive radio must adopta “do no harm” policy to ensure
the primary meetsits target rate. The performanceof such
a stratgy underdifferentconditionsare summarizedn plots
we refer to as rate-inteferencdudget (RIB) plots, examples
of which areshawvn in Figures4 and5.

1Futurework will addresdimitations on who canhearthe ARQ.



Before proceedingwe stateassumptionsiecessaryor our
analysis.Speci cally, we assumehat the primary systemhas
an inexhaustiblequeuefrom which to sendpaclets but only
wantsa guaranteeghaclet rate Rp . For precisenessye x its
transmissiorstrategy at time k:

1) Transmitthe smallesthumberecpaclet not yet received.

2) ARQ feedbackAy 2 f0;1g signalsif this paclket sent

attime k is receved.

Both the cognitive radio encoderand decoderalso have
accesgo ARQ feedbackirom the primary system which can
be thoughtof asthe outputto a time-varying DMC.

1 4(k); Tk=1 .
1 ok; T=o0 ' @
where the f (k)g are unknovn sequencesWe assumethe
channelfactorizesas

P(Y i AkiX k5 Ti) = P(Y kX TP (AKTk):  (2)

The cognitive radio transmitsacrossa discretememoryless
channelwith the following two properties.
1) The cognitive radio hasL channelusesover a primary
paclet, andthe channelfactorizesas follows.

P(Akx = 1jTy) =

N
P(Y"X™ T AN 1) =
k=1
whereP (Y kjXk; Tk) = Q}‘:l P (Y i Xk Tw):
2) Giventhatno transmissioroccursduring time k (T =
0), X is independenof Y .

P(YkiXi;Tw) (3

I (Xk:YkjTk = 0)= 0 (4)
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Fig. 2. Ourassumptiongeadto the following modelfor the cognitive radio's
channel.The cognitive radio mustadaptits ratgin sucha way to ensurethat
the primary meetsits tamget rate Rp, son 1 2:1 Ax Rp musthold
with high probability asn getslarge.

Given that the stratgy of the primary systemis x ed a
priori, the main constraintplacedon the cognitive radioiis that
the primary mustmeetits ratetargetRp . We ignoredelayand
simply requirethatfor all > 0 andlarge enoughn,

1 X
— Ax > Rp
n

k=1

(6)

with high probability.

Whenthe (k) arenot x edfor all k, we musthandletwo
problems.The rst is to make sure the messagds decoded
correctly The seconds to make surethatthe primary system
recevesenoughpacletsto meetits targetrateRp . At the cost
of 1 bit perprimary paclet, we considerencodershatseparate
thesetwo functionsin a way that sacri ces the potentialto
communicateover the ARQ channel.This is madeprecisein
the next section.

Il. PROBLEM SETUP

De nition 1: A schedule( h) is a sequencef functions
hi :fo;1g ! f0;1g

suchthat
k= h(A* 1) (6)
Note that given a schedule the decodercan determine .
Ratherthanrefer to the scheduledirectly, we will refer to it
obliquelyin the de nition of .
De nition 2: A block codingstratgy ( no;M;f;g) with
M codevordsis composedf an encodingfunction

f:fl;::;;Mg! X™ "o f0;1g"°

and decodingfunctions

g:Y"™ ' f01g

over the positive integers such that, for messageW 2

Given a scheduleand correspondindlock coding strateyy,
channelinputs are determinedas follows.

Xg'; 0 k=0

XaTe= o W, =1

(7
where | = :(:1 i andxg 2 X. Note that the choiceof xg
canbe arbitrary given (4).

We take a compoundchannelview of successfublecoding
of the message.

De nition 3: A rateR is achiezableif for every > 0, there
existsa schedule( h), block codingstrategyy ( no;M;f;g),
andn, ng  n < @M sychthatfor all f ;(k)g,

P(W 6 W,) (8)

De nition 4: A rate R is Rp -achievable for the sequence
f i(k)gif it is achievablewith ( ng;M;f;g), andfor every
> 0 andfor largeenoughM , thereexistssomen, np n <

"’QTM, schedule( h), suchthatfor ( ng;M;f;g), P(W 6
W,) < andforalln ng
X
Pnl A<Rp < (9)

i=1
De nition 5: Let R(Rp;f ;(k)g) be the set of all Rp-
achievablerates.Then

Rig(Re;f i(k)g) := supR(Re;f i(k)g) (10)



is the rate-interferencebudget function. For sequences The numberof codevordsM will be

with limits limg; (k) = i, we use the shorthand
Ris(Rp; o) 1).
De nition 6:
Rig()= max I (X;T;Y): (12)
. o p(xit):p(t=1)
Our main resultis the following.
Theoeml: If 1 1< Rp <1 o, thenfor interference

-1 R
budget = =—>—*,

Rig(Rp; 0; 1) = Rig():
I1l. ACHIEVABLE STRATEGY

We now consider our achievable stratgyy. We start by
specifyingthe schedulingalgorithm. Let

X
Sc= (A
i=1
which denotesthe differencebetweenthe numberof paclets
receved by the primary andthe target numberof paclets.We
usethis to constructthe following schedule.

0 S 1 0,
1 S¢ 1>0°

Given this schedulewe stateresultsaboutachievable strate-
gies. To consere spacewe arguethe casewhere (k) = i,
whichis givenin the Appendix.It is straightforvardto extend
the agumentsfor sequenceim sup, (k) = .

Theoem2: The schedulingalgorithm applied above leads

12)

Rp);

(13)

k= (14)

to the following Rp achievable rates.For 1 1 < Rp <
1 o
Ris(Rp; 05 1)
1 R .
= 9 P max I(X;YjT=1) (15)
1 0  p(xjt=1)

Note that we are not using T to corvey information in
Theorem?2. Indeed,we cando at leastas well asthe above
stratgyy if we do.

Theoem3: When

=p(t=1)< 1 o Re (16)
is satis ed, thenrates

Ris(Rp; 05 1) max L(X;T;Y) 17)

p(x;t):

p(t=1)=
are Rp -achievable. Otherwise,underthe distribution p(x; t),

. 1 R
Ris(Rp; 05 1) X YT = 1)%

+1 0 Reiryy s

Proof: We constructour rar%domocodebookby drawing
our codevordsindependentlyfrom the distribution
Yo

p(Xi;ti):
i=1

p(x"o;t") = (19)

M = 2n0(maxp(><;l):p(121)= FX5TRY) ):

(20)
Note that the error probability bound for this code given in
(34) continuesto hold.

When (16) is not satis ed, the agumentfollows almost
identically to the proof of Theorem 2, except that when

applying Theorem6, we replace ; with 1 + (1 ) o to
give an effective transmitfraction of
1 o Rp

T ——— 21

G o) &)

shaving that (18) is Rp -achievable.
Under(16), onecanlower boundAg by i.i.d. Bernoulli(1
) randomvariablesBg, where = (1 ) o- Thenthe
probability that the decoderdoesnot always have the option
to transmitaftertime ~ is given by

P(Sk < 0) e kKRe 1+ 1+ ) o)?*=2  (29)
k=" k="
e (Rp 1+ ) 2=2
1 e R T )7 (23)
p_—
For® = ﬁ, onecanachieve the rate
max I(X;T;Y) (no); (24)
p(x;t);p(t=1)=
with error probability no more the sumof (34) and
e "no=2
P(Sk<0) ———1—; (25)
K=" 1 e Mo =2
where (ng)! Oasng! 1. [ |

IV. CONVERSE

We now turnto a proof of thecorverse . Thefollowing result
will be usefulin the sequel.
Lemmal: R,g( ) is a nondecreasing;oncae function.

Proof: Shawing it is increasingis trivial.Let 1+ (1
) 2= .Then
Rig( 1)+ (@ )JRis(2) IpxnX;T;Y) (26)
Rig( ): (27)
where (26) follows since mutual informationis concae in p
[8, Theorem2.7.4]and (27) by de nition. ]
Theoem4: For (k) = jsuchthatl 1< Rp <1
then 1 R
Ris(Rp; 0: 1) Ris ¢ F (28)
Proof: The amgumentis divided into two parts. First,

we bound on the rate so that decodingis successfuffor all
f i(k)g. Second,we constrainthe channelinput distribution
for speci ¢ | andapplythisto our bound.Let us considerthe
rateof the cognitive radio user Fano's inequalityandstandard
argumentsshow that

nR (IXi;TisYi) + H(Ai;Ti)) + n g
i=1

(29)



By De nition 3, the messagehasto decodewith arbitrarily
small error probability for all f (k)g. We take the in mum
over all possiblesequence$ (k)g to give the tighter bound

X0
nR F(Xi;Ti;Yi)+ N og; (30)
i=1
where , ! 0. Now
X
R HRIB( i)+ n (31)
i=1
1 Rp +
Rg —2—"— + , (32)
1 0

wher;e (31) follows from Lemma 2 for some ; such that

n i 1—Ret  and(32) follows from Lemmal.
The resultfollows by takingthe limit asn! 1 andthenas
I 0. [ |

While we do not claim there exists one stratgy that
universally attainsthis upperbound, Theorem3 implies that
for every pointin the upperbound,thereexists a stratgy that
achievesit. Thisis sufcient to prove Theoreml.

V. EXAMPLES

o
i

— -

Fig. 3. In the above binary symmetricchannelthe positionof transmissions
over primary paclets conveys no informationto the cognitive radio recever.
For this setting,the achieable stratgy universally attainsall points on the
rate-interferencéudget(RIB) function.

Considerthe binary symmetricchannelgiven in Figure 3.
Here,L = 1, andgiven a realizationof T, we have a binary
symmetricchannel.For this channelthe stratgyy in Theorem
2 attainsall points on the RIB function Rjg (Rp; o; 1) =
LoRe1 hy o).

As a secondexample, considera channelin which T is
perfectlyreceved at Y, soP(Y = tjX;T = t) = 1. Here,
m = 1, jXj = 1. For this casewe plot differentblock coding
stratgjiesin Figure4 basedon Theorem3, which hit different
points on the RIB function. The gap re ects the regret of
particularstrateyy.

Onemight expectthatthe numberof channelusesavailable
to the cognitive radio over a primary packet would be large.
In our third example,we considera cognitive radio with L
usesof a binary symmetricover the run of a single packet for
the primary that we describewith the channel

1 Y=0FFET=0
T = Ldu(iX) =k
(33)
Here,dy (; ) denotesHammingdistance For the valuesof L
plottedin Figure 5, the gap betweenthe achiezable stratgjies
and corversesare nggligible for transmission®n the order of
a paclet for the cognitive radio.

PIYIXiT)= iy
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Fig. 4. This RIB plot for a channelin which it is only possibleto

communicatevia which primary paclet positionsthe cognitive radio chooses
to transmit.While no stratgly shavn canuniversally attainthe RIB function

(black), eachcan meetat leastone point on it.

RIB plot for L uses of a Binary symmetric channel, p =0.1
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Fig. 5. In this example,we plot the rate-interferencéudget(RIB) function
for casesin which the cognitve radio hasL usesof a BSC over a primary
paclet transmissionWhen L is large enough,the gap from an achieable
strat@y to the RIB functionis negligible.

VI. DISCUSSION

We introduceda problem motivated by cognitive radio in
which the primary is not a seconduserin the communication
systembut rather a constrainton the rst user Basedon
our encoderrestrictions,we were able to shov a class of
achievable stratgies and a corverse. One may also have
introduced common randomnesshetweenthe encoderand
decoderand allowed for general encoder structures.Such
topicswill be areasof future exploration.
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APPENDIX

We begin with a proof of Theorem2.

Proof: We constructa randogj codebookaccordingto the
distribution p(x"ejt"e = 1) = i”:f’l p(xjjti = 1) andM =
2Mo(H(XYJT=1) ) codavords.

Let E, denotethg,event of a decoderfailure at time n.
Given the event that i“:1 i ng, forary > 0, arandom
coding agumentcan be usedto shav [9, p. 539, Problem
5.23]

x 2
P(Enj i Ng) e "CEETEke W7 (34)
i=1
Whenthe error doesnot occur, this resultsin a rate of
LAYiT= ) (35)

It remainsto understandorp/vhich ratios 72 we canguarantee
with high probability that i”:1 i np andthe primary is
closeto its ratetarget Rp . We now considerRp -achievability

for the scheduleabove. We setn  ng to satisfy
1 R n 1 R
o Re L o Re (36)
1 0 n 1
Forl o Re > O theexistenceof suchann is guaranteed,

andunderthe cornventionthatdecodingneednot occurto meet
rate 0, a seriesof manipulations(omitted for space)can be
usedto show that the rate

1 o Rp

LX;YiT=1)  (no; ) (37)
1

is achiezablewith rateloss (ng; ) with error probability no
more thanthe sum of (34),

X } . .
P i<np  de M 2iee (N6 M)
i=1
(38)
by Theorem6, and
|
P% Ay < Rp ee (N7 ™ (39)
k=1

by Theorem5. For = ng, =12 andas no! 1, all of these

errorsvanishand (ng;ng 1:12) I 0. ]
Lemma2: If the constraint(9) is satis ed, then
X
=T pr=y o Ret (40)
i=1 pl 0
Proof: If (9) holds,then: L P(A; = 1) (1
)(Rp ) Rp must hold since 0 Rp 1.

Recognizingthat P(A; = 1) = 1P(Ti = 1)+ oP(T; = 0)

andrearrangingermscompletesthe proof. [ ]
Theoem5: Letsup, 1  1(K) < Rp < infgl  o(k). If
Tk = « for all k, thenfor all |> 0, >0,
0 !
P % A < Rp eV (Rei) - (4])

k=1

n 0
Dy — 1 . 1
WhETEV(Rp ) ) = 1+ max 1 oK) Rp 'sibxRp @ 1(K)

Proof: Detailsare omitted dueto lack of spacebut the
resultfollows from an applicationof Markov's inequality on
the stoppingtimes

Nok 1= inffn> Ny 2: Sy > 0Og;
Nok = inffn> Ny 1:S, Og;

(42)
(43)

which involvesboundingthe expectationof the submartingale
e Sv, whereS, is the martingale

X

Sh=Sn n(l Rp)+ o(k) + k( 1(k)  o(K)):
k=1 k=1

(44)

[ ]

Theoem6: Let j(k) = j forallk andl 1< Rp <

1 . If T« =  forall k, thenfor all > 0, | > 0,

X
p ) 1 o Rp S
k=1 1 0 1 0
de nD(1+2=2k%) +2eV(Rpi) n =2 ; (45)
where
V(Rp; ) = 1+ max ; 1
P 1 o RF'Rp (1 1)
Proof: By the triangle inequality
i k=1 k N Rp)+nyj jSnj + jSnj, where

S, is dened in (44). Theorem5 gives a bound on S,

violated with a small probability. Furthermore resultsfrom

Dembo and Zetouni [10, Cor. 2.4.7, p. 57] on bounded

martingalesand a union boundcompletethe proof. [ ]
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