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Abstract— We study a problem motivated by cognitive radio
in which the primary is a packet system that employs ARQ
feedback.A secondarysystemis allowed to transmit in the same
fr equency band provided it ensures that the primary attains a
speci�ed target rate. That is, the secondaryhas a certain “inter -
ferencebudget.” The crux of the problem is that the secondary
doesnot know how much interfer enceit createson the primary
and therefore is ignorant of its interfer ence budget. Absent
this knowledge, we propose a schemein which the secondary
eavesdrops on the primary' s ARQ and uses this knowledge to
stay within its interfer ence budget. Under certain assumptions,
we show there exists an optimal rate-interferencebudget (RIB)
tradeoff. We compare how far �xed strategiesare fr om this RIB
function as we vary the interfer encebudget. Further, we exhibit
a strategy that is optimal beyond a thr esholdinterfer encebudget
and within 1 bit per primary packet elsewhere.

I . INTRODUCTION

A cognitive radio is a device that can senseand adjust its
power, frequency band, etc. such that the primary systems
for which thesebandswere originally allocatedcontinueto
function [1]. The FCC andinternationalregulatorybodiesare
consideringmodifying their rulesto allow for suchsystemsto
sharebandswith preexisting, predesignedprimary communi-
cationsystemsthat mustcontinueto function.

There has already been work to study how easy it is
to detect the presenceof a primary system [2], [3]. An
information-theoreticmodel has also been studied and is
sometimesreferred to as the cognitive radio channel [4],
[5]. This channelis a variation on the Gaussianinterference
channel [6] with the modi�cation that the cognitive radio,
one of the transmitters,knows which messagethe primary,
the other transmitter, will send.The authorsof thesepapers
also assumethat the cognitive radio knows the statisticsof
the interferencethe cognitive radio generateson the primary.
Under theseassumptions,the authorsdemonstratethat it is
optimal for theprimary to usethesameGaussiancodebookit
would in the point-to-pointsetting.The result highlights the
fact that in cognitive radio problems,one doesnot have the
�e xibility to modify the designof the primary system.

While we preserve the spirit that the primary systemdoes
not have to modify its design,we do away with modelling
assumptionsthat require the cognitive radio to know the
statisticsof the interferenceit generateson theprimary or the

messagetheprimary intendsto send.Absentsuchknowledge,
the cognitive radio needssomeway to infer this knowledge
andadaptits rateso that the primary canmeetits rate target.
To do so, we restrict our attentionto the casein which the
primary systemsendspackets and employs ARQ feedback
to determinewhether or not to retransmit its packet. The
cognitive radio transmitterandreceiver canalso listen to this
ARQ 1, which allows the cognitive radio systemto adjustits
rateappropriately. This is summarizedin Figure1.
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Fig. 1. An exampleof thetypeof interferencechannelfor our cognitive radio
systemin which the primary hasmessageWP and the cognitive radio has
messageWS . Thecognitive radioencoderanddecodercanlisten to theARQ
feedbacktheprimaryreceiver sendsto its transmitterto adaptits transmission
rateandreduceinterferenceon the primary system.

If the interferencestatisticsthe cognitive radio generates
on the primary systemare stationaryergodic, then the cog-
nitive radio can use an almost negligible fraction of packet
transmissionsto the estimatethis and select its codebook
appropriately. However, the time scale of a primary packet
transmissionmay be too large to guaranteecoherenceof the
interferencestatistics.We assumethat the primary's packet
erasureprobabilitiesarelargerwhenthecognitive radio trans-
mits but can otherwisevary arbitrarily. Under sucha setting,
past performanceis no guaranteeof future behavior, so the
cognitive radio must adopta “do no harm” policy to ensure
the primary meetsits target rate. The performanceof such
a strategy underdifferentconditionsare summarizedin plots
we refer to as rate-inteferencebudget (RIB) plots, examples
of which areshown in Figures4 and5.

1Futurework will addresslimitations on who canhearthe ARQ.



Beforeproceeding,we stateassumptionsnecessaryfor our
analysis.Speci�cally, we assumethat the primary systemhas
an inexhaustiblequeuefrom which to sendpackets but only
wantsa guaranteedpacket rateRP . For preciseness,we �x its
transmissionstrategy at time k:

1) Transmitthesmallestnumberedpacket not yet received.
2) ARQ feedbackAk 2 f 0; 1g signalsif this packet sent

at time k is received.
Both the cognitive radio encoderand decoderalso have

accessto ARQ feedbackfrom the primary system,which can
be thoughtof as the output to a time-varying DMC.

P(Ak = 1jTk ) =
�

1 � � 1(k); Tk = 1
1 � � 0(k); Tk = 0

; (1)

where the f � i (k)g are unknown sequences.We assumethe
channelfactorizesas

P(Y k ; Ak jX k ; Tk ) = P(Y k jX k ; Tk )P(Ak jTk ): (2)

The cognitive radio transmitsacrossa discretememoryless
channelwith the following two properties.

1) The cognitive radio hasL channelusesover a primary
packet, and the channelfactorizesas follows.

P(Y n jX n ; T n ; An � 1) =
nY

k=1

P(Y k jX k ; Tk ) (3)

whereP(Y k jX k ; Tk ) =
Q L

j =1 P(Yk ;j jX k ;j ; Tk ):
2) Given that no transmissionoccursduring time k (Tk =

0), X k is independentof Y k .

I (X k ; Y k jTk = 0) = 0: (4)
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Fig. 2. Our assumptionsleadto thefollowing modelfor thecognitive radio's
channel.The cognitive radio mustadaptits rate in sucha way to ensurethat
the primary meetsits target rate RP , so n � 1 P n

k =1 A k � RP must hold
with high probability asn getslarge.

Given that the strategy of the primary systemis �x ed a
priori, themainconstraintplacedon thecognitive radio is that
theprimarymustmeetits ratetargetRP . We ignoredelayand
simply requirethat for all � > 0 and large enoughn,

1
n

nX

k=1

Ak > RP � � (5)

with high probability.
Whenthe � i (k) arenot �x ed for all k, we musthandletwo

problems.The �rst is to make sure the messageis decoded
correctly. The secondis to make surethat the primary system
receivesenoughpacketsto meetits targetrateRP . At thecost
of 1 bit perprimarypacket,we considerencodersthatseparate
thesetwo functions in a way that sacri�ces the potential to
communicateover the ARQ channel.This is madeprecisein
the next section.

I I . PROBLEM SETUP

De�nition 1: A schedule�( h) is a sequenceof functions

hi : f 0; 1gi � 1 ! f 0; 1g

suchthat
� k = hk (Ak � 1) : (6)

Note that given a schedule,the decodercan determine� k .
Ratherthan refer to the scheduledirectly, we will refer to it
obliquely in the de�nition of � k .

De�nition 2: A block codingstrategy �( n0; M ; f ; gi ) with
M codewords is composedof an encodingfunction

f : f 1; : : : ; M g ! X m � n 0 � f 0; 1gn 0

anddecodingfunctions

gi : Ym � i � f 0; 1gi � f 0; 1gi ! f 1; : : : ; M g

over the positive integers such that, for messageW 2
f 1; : : : ; M g, ~X n 0 ; ~T n = f (W ) andŴi = gi (Y i ; A i ; � i ).

Given a scheduleandcorrespondingblock codingstrategy,
channelinputsaredeterminedas follows.

X k ; Tk =
�

xm
0 ; 0 � k = 0

~X �� k ; ~T�� k � k = 1
; (7)

where �� k =
P k

i =1 � i andx0 2 X . Note that the choiceof x0

canbe arbitrarygiven (4).
We take a compoundchannelview of successfuldecoding

of the message.
De�nition 3: A rateR is achievableif for every� > 0, there

existsa schedule�( h), block codingstrategy �( n0; M ; f ; gi ),
andn, n0 � n < log M

R suchthat for all f � i (k)g,

P(W 6= Ŵn ) � � : (8)
De�nition 4: A rate R is RP -achievable for the sequence

f � i (k)g if it is achievablewith �( n0; M ; f ; gi ), andfor every
� > 0 andfor largeenoughM , thereexistssomen, n0 � n <
log M

R , schedule�( h), suchthat for �( n0; M ; f ; gi ), P(W 6=
Ŵn ) < � and for all n � � n0

P
�

n� 1
�

n �X

i =1

A i < RP � �
�

< � : (9)

De�nition 5: Let R(RP ; f � i (k)g) be the set of all RP -
achievablerates.Then

RI B (RP ; f � i (k)g) := supR(RP ; f � i (k)g) (10)



is the rate-interferencebudget function. For sequences
with limits lim k !1 � i (k) = � i , we use the shorthand
RI B (RP ; � 0; � 1).

De�nition 6:

RI B (
 ) = max
p(x ;t ): p( t =1) � 


I (X ; T ; Y ) : (11)

Our main result is the following.
Theorem1: If 1 � � 1 < RP < 1 � � 0, thenfor interference

budget
 = 1� � 0 � R P
� 1 � � 0

,

RI B (RP ; � 0; � 1) = RI B (
 ) : (12)

I I I . ACHIEVABLE STRATEGY

We now consider our achievable strategy. We start by
specifyingthe schedulingalgorithm.Let

Sk =
kX

i =1

(A i � RP ); (13)

which denotesthe differencebetweenthe numberof packets
receivedby the primaryandthe targetnumberof packets.We
usethis to constructthe following schedule.

� k =
�

0 Sk � 1 � 0
1 Sk � 1 > 0

: (14)

Given this schedule,we stateresultsaboutachievable strate-
gies.To conserve space,we arguethe casewhere� i (k) = � i ,
which is givenin theAppendix.It is straightforwardto extend
the argumentsfor sequenceslim supk � i (k) = � i .

Theorem2: The schedulingalgorithmappliedabove leads
to the following RP achievable rates.For 1 � � 1 < RP <
1 � � 0,

RI B (RP ;� 0; � 1)

�
1 � � 0 � RP

� 1 � � 0
max

p(x j t =1)
I (X ; Y jT = 1) (15)

Note that we are not using T to convey information in
Theorem2. Indeed,we can do at leastas well as the above
strategy if we do.

Theorem3: When


 := p(t = 1) <
1 � � 0 � RP

� 1 � � 0
(16)

is satis�ed, thenrates

RI B (RP ;� 0; � 1) � max
p(x ;t ):

p( t =1)= 


I (X ; T ; Y ) (17)

areRP -achievable.Otherwise,underthe distribution p(x; t),

RI B (RP ; � 0; � 1) � I (X ; Y jT = 1)
1 � � 0 � RP

� 1 � � 0

+
1 � � 0 � RP


 (� 1 � � 0)
I (T ; Y ): (18)

Proof: We constructour randomcodebookby drawing
our codewords independentlyfrom the distribution

p(xn 0 ; tn 0 ) =
n 0Y

i =1

p(x i ; t i ): (19)

The numberof codewordsM will be

M = 2n 0 (max p ( x ;t ) ;p ( t =1)= 
 I (X ;T ;Y ) � � ) : (20)

Note that the error probability bound for this code given in
(34) continuesto hold.

When (16) is not satis�ed, the argument follows almost
identically to the proof of Theorem 2, except that when
applying Theorem6, we replace� 1 with 
 � 1 + (1 � 
 )� 0 to
give an effective transmitfraction of

1 � � 0 � RP


 (� 1 � � 0)
; (21)

showing that (18) is RP -achievable.
Under(16), onecanlower boundAk by i.i.d. Bernoulli(1 �

�� ) randomvariablesBk , where �� = 
 � 1(1 � 
 )� 0. Then the
probability that the decoderdoesnot always have the option
to transmitafter time ` is given by

1X

k= `

P(Sk < 0) �
1X

k= `

e� k (R P � 1+ 
 � 1 +(1 � 
 ) � 0 )) 2 =2 (22)

=
e� ` (R P � 1+ �� )) 2 =2

1 � e� (R P � 1+ �� )) 2 =2
(23)

For ` =
p

n 0

(R P � 1+ �� )2 , onecanachieve the rate

max
p(x ;t ) ;p( t =1)= 


I (X ; T ; Y ) � � (n0); (24)

with error probability no more the sumof (34) and
1X

k= `

P(Sk < 0) �
e�

p
n 0 =2

1 � e� n � 1= 4
0 =2

; (25)

where� (n0) ! 0 asn0 ! 1 .

IV. CONVERSE

We now turn to aproofof theconverse.Thefollowing result
will be useful in the sequel.

Lemma1: RI B (
 ) is a nondecreasing,concave function.
Proof: Showing it is increasingis trivial.Let �
 1 + (1 �

� )
 2 = 
 . Then

�R I B (
 1) + (1 � � )RI B (
 2) � I p� (x ;t ) (X ; T ; Y ) (26)

� RI B (
 ): (27)

where(26) follows sincemutual information is concave in p
[8, Theorem2.7.4] and(27) by de�nition.

Theorem4: For � i (k) = � i suchthat1� � 1 < RP < 1� � 0,
then

RI B (RP ; � 0; � 1) � RI B

�
1 � � 0 � RP

� 1 � � 0

�
: (28)

Proof: The argument is divided into two parts. First,
we bound on the rate so that decodingis successfulfor all
f � i (k)g. Second,we constrainthe channelinput distribution
for speci�c � i andapply this to our bound.Let usconsiderthe
rateof thecognitive radiouser. Fano's inequalityandstandard
argumentsshow that

nR �
nX

i =1

(I (X i ; Ti ; Y i ) + I (A i ; Ti )) + n� n : (29)



By De�nition 3, the messagehas to decodewith arbitrarily
small error probability for all f � i (k)g. We take the in�mum
over all possiblesequencesf � i (k)g to give the tighter bound

nR �
nX

i =1

I (X i ; Ti ; Y i ) + n� n ; (30)

where� n ! 0. Now

R �
nX

i =1

1
n

RI B (
 i ) + � n (31)

� RI B

�
1 � � 0 � RP + �

� 1 � � 0

�
+ � n (32)

where (31) follows from Lemma 2 for some 
 i such that
n� 1 P


 i � 1� � 0 � R P + �
� 1 � � 0

, and (32) follows from Lemma 1.
The result follows by taking the limit asn ! 1 and thenas
� ! 0.

While we do not claim there exists one strategy that
universally attainsthis upperbound,Theorem3 implies that
for every point in theupperbound,thereexists a strategy that
achieves it. This is suf�cient to prove Theorem1.

V. EXAMPLES
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Fig. 3. In theabove binarysymmetricchannel,thepositionof transmissions
over primary packets conveys no information to the cognitive radio receiver.
For this setting, the achievable strategy universally attainsall points on the
rate-interferencebudget(RIB) function.

Considerthe binary symmetricchannelgiven in Figure 3.
Here,L = 1, andgiven a realizationof T , we have a binary
symmetricchannel.For this channel,the strategy in Theorem
2 attainsall points on the RIB function RI B (RP ; � 0; � 1) =
1� � 0 � R P

� 1 � � 0
(1 � hb(� 0)) .

As a secondexample, considera channelin which T is
perfectly received at Y , so P(Y = tjX ; T = t) = 1. Here,
m = 1, jX j = 1. For this case,we plot differentblock coding
strategiesin Figure4 basedon Theorem3, which hit different
points on the RIB function. The gap re�ects the regret of
particularstrategy.

Onemight expectthat thenumberof channelusesavailable
to the cognitive radio over a primary packet would be large.
In our third example,we considera cognitive radio with L
usesof a binarysymmetricover the run of a singlepacket for
the primary that we describewith the channel

P(Y jX ; T) =
�

1 Y = OFF; T = 0

 k (1 � 
 )L � k T = 1; dH (Y; X ) = k

:

(33)
Here,dH (�; �) denotesHammingdistance.For thevaluesof L
plotted in Figure5, the gapbetweenthe achievablestrategies
andconversesarenegligible for transmissionson the orderof
a packet for the cognitive radio.
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Fig. 4. This RIB plot for a channel in which it is only possible to
communicatevia which primary packet positionsthe cognitive radio chooses
to transmit.While no strategy shown canuniversally attain the RIB function
(black), eachcanmeetat leastonepoint on it.
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Fig. 5. In this example,we plot the rate-interferencebudget(RIB) function
for casesin which the cognitive radio hasL usesof a BSC over a primary
packet transmission.When L is large enough,the gap from an achievable
strategy to the RIB function is negligible.

VI. DISCUSSION

We introduceda problem motivatedby cognitive radio in
which the primary is not a seconduserin the communication
system but rather a constraint on the �rst user. Based on
our encoderrestrictions,we were able to show a class of
achievable strategies and a converse. One may also have
introduced common randomnessbetweenthe encoderand
decoderand allowed for general encoderstructures.Such
topicswill be areasof future exploration.
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APPENDIX

We begin with a proof of Theorem2.
Proof: We constructa randomcodebookaccordingto the
distribution p(xn 0 jtn 0 = 1) =

Q n 0
i =1 p(x i jt i = 1) and M =

2n 0 ( I (X ;Y jT =1) � � ) codewords.
Let En denotethe event of a decoderfailure at time n.

Given the event that
P n

i =1 � i � n0, for any � > 0, a random
coding argumentcan be used to show [9, p. 539, Problem
5.23]

P(En j
nX

i =1

� i � n0) � e
� n 0

� 2

8=e 2 +4(log jY j ) 2 : (34)

Whenthe error doesnot occur, this resultsin a rateof
n0

n
(I (X ; Y jT = 1) � � ) : (35)

It remainsto understandfor which ratios n 0
n we canguarantee

with high probability that
P n

i =1 � i � n0 and the primary is
closeto its ratetargetRP . We now considerRP -achievability
for the scheduleabove. We setn � n0 to satisfy

1 � � 0 � RP

� 1 � � 0
� � � n� 1

0 �
n0

n
�

1 � � 0 � RP

� 1 � � 0
� � : (36)

For 1� � 0 � R P
� 1 � � 0

� � > 0, theexistenceof suchann is guaranteed,
andundertheconventionthatdecodingneednot occurto meet
rate 0, a seriesof manipulations(omitted for space)can be
usedto show that the rate

1 � � 0 � RP

� 1 � � 0
I (X ; Y jT = 1) � � (n0; � ) (37)

is achievablewith rate loss � (n0; � ) with error probability no
more than the sumof (34),

P
� nX

i =1

� i < n0

�
� 4e� � 2 n 1= 3

0 =2 + 2e� e� � ( � n 2= 3
0 � n 1= 3

0 )

(38)

by Theorem6, and

P

 
1
n

nX

k=1

Ak < RP � �

!

� e� e� � ( � n 2= 3
0 � n 1= 3

0 ) (39)

by Theorem5. For � = n � 1=12
0 andasn0 ! 1 , all of these

errorsvanishand � (n0; n� 1=12
0 ) ! 0.

Lemma2: If the constraint(9) is satis�ed, then

1
n

nX

i =1

P(Ti = 1) �
1 � � 0 � RP + �

� 1 � � 0
: (40)

Proof: If (9) holds, then 1
n

P n
i =1 P(A i = 1) � (1 �

� )(RP � � ) � RP � � must hold since 0 � RP � 1.
Recognizingthat P(A i = 1) = � 1P(Ti = 1) + � 0P(Ti = 0)
andrearrangingtermscompletesthe proof.

Theorem5: Let supk 1 � � 1(k) < RP < inf k 1 � � 0(k). If
Tk = � k for all k, then for all � > 0, � > 0,

P

 
1
n

nX

k=1

Ak < RP � �

!

� e�v (R P ;� ) � n�� ; (41)

wherev(RP ; � ) = 1 + max
n

1
inf k 1 � � 0 ( k ) � R P

; 1
sup k R P � (1 � � 1 ( k ))

o
.

Proof: Detailsareomitteddueto lack of space,but the
result follows from an applicationof Markov's inequality on
the stoppingtimes

N2k � 1 = inf f n > N2k � 2 : Sn > 0g; (42)

N2k = inf f n > N2k � 1 : Sn � 0g ; (43)

which involvesboundingtheexpectationof thesubmartingale
e� ~Sn , where ~Sn is the martingale

~Sn = Sn � n(1 � RP ) +
nX

k=1

� 0(k) +
nX

k=1

� k (� 1(k) � � 0(k)) :

(44)

Theorem6: Let � i (k) = � i for all k and 1 � � 1 < RP <
1 � � 0. If Tk = � k for all k, then for all � > 0, � > 0,

P

 �
�
�
�
�

nX

k=1

� k �
1 � � 0 � RP

� 1 � � 0

�
�
�
�
�

>
�

� 1 � � 0

!

� 4e� nD ( 1+ � = 2
2 k 1

2 ) + 2e�v (R P ;� ) � �n� =2 ; (45)

where

v(RP ; � ) = 1 + max
�

1
1 � � 0 � RP

;
1

RP � (1 � � 1)

�
:

Proof: By the triangle inequality,
j
P n

k=1 � k � n(1 � RP ) + n� 0j � j ~Sn j + jSn j, where
~Sn is de�ned in (44). Theorem 5 gives a bound on Sn

violated with a small probability. Furthermore,results from
Dembo and Zetouni [10, Cor. 2.4.7, p. 57] on bounded
martingalesanda union boundcompletethe proof.
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