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Abstract—A generalization of the additive Gaussian two-way Wll TWQI,W.%
channel to M users is considered. Such channels contain implicit
feedback in the sense that the channel output signals obsem E/D
by the different encoders are correlated. While the benefitof
feedback are shown to be negligible at high SNR, for moderate Y1 (i)
SNR, feedback can play a significant role in boosting the sum- Z1(1)
rate performance. To highlight this potential gain, the speial

X1(4)

case of theM-user multiway channel with a common output is Zs(i) Zs(i)

considered. By taking insights from Kramer's Fourier MEC, a l

feedback strategy is introduced and shown to strictly domiate l

the performance of a pre-log optimal non-feedback strategy Yz(i)? Xo(i) Xa(i) Ya (4)

Furthermore, an upper bound is derived to show this feedback

strategy achieves the sum-rate capacity beyond a certain $N E/D E/D

threshold. Under per-symbol power constraints, this uppembound

can be tightened to show the feedback strategy is sum-rate w. P w PP

optimal for all SNR values. 21 lWl Wi 4 lW] W
[. INTRODUCTION Fig. 1. A 3-user multiway channel

The advent of portable wireless devices enables a kmdcﬂjeach user to use their channel outputs in their code con-

conferencing reminiscent of conference calls, in WhiChhea%truction show promise at improving the rate. To demonstrat
user in a group is interested in sending and receiving datatp1

o f I b tth = | b is benefit, we consider a special case of our model, in
and trom all members ot Ihe group. ~or example, MEMDETS fhich 5| ysers observe a common channel output. For this

an emergency response team, each equipped with a wire} 25e, we first consider a strategy known as Fourier MEC

enabled device, may want to tra_nsmlt an_d receive data to a[g , a generalization of the feedback schemes considered by

from_aII other responders at a disaster site. Schalkwijk and Kailath [4] and Ozarow [9]. Furthermore, it
This note focuses on achievable rates for such channglsq heen shown to be optimal for thé-user Gaussian MAC

which we will refer to as conferencing multiway channels,qar 4 per-symbol power constraint [6].

While other notions of multiway channels exist [1], [2], for Unfortunately, Fourier MEC turns out to be pre-log subop-

the purposes of this note, dd-user multiway channel is ON€ial for the co;”nmon outpud/-user multiway channel. We

in which each user has a message and wants to deCOdeiﬁ%duce a new class of strategies that combine features of

messa;]ges 0‘; allr(])_thher USErs. T(fj\e b%stbkng;/]v n of the;e i;;he W8\ rier MEC with those of a standard block coding strategy to
way channel, which was mFro uced by shannon [ ] annegnstructapre-log optimal strategy that exploits thisifesck.

prowded a general capacity region a_ll_ong with _S'ngle'tett%urthermore, we show that this strategy achieves the sum-
inner and outer bounds. For the additive Gaussian two-w, capacity beyond a certain SNR threshold. Furthermore,

Fat
channel, Shannon’s inner and outer bounds coincide and IWéftighten these upper bounds under a per-symbol power

toa ”‘f’““ra' coding strategy. Each user S'mP'Y Subtractioff . straint to show the strategy achieves the sum-rate itppac
own signal, and the result is two point-to-point channets, f t all SNR

which block codes without feedback can be used to attain the
capacity region. Il. PROBLEM SETUP
We consider the performance of achievable strategies for .
additive Gaussiad/-user multiway channels and give partiaf™ Notation
capacity results in the high signal-to-noise ratio limit.this Assume throughout that logarithms are natural and units
limiting regime, a simple strategy that does not depend en tbf information are expressed in nats per dimension. We use
channel outputs is sufficient to prove our results. capital letters forX,Y, Z random variables and calligraphic
However, more intricate strategies that leverage thetgbilietters X', ), Z for sets.K x denotes the covariance matrix of



X. We further denote their determinants by

Vx = |Kx]| 1)
K
Vx|y = ||}?ﬁ| . (2)

B. Channel Model
Consider the complex channel with complex inputs

M
Yo(i) = ZXk(i) + Z(i) , (3)
k=1

where the marginalsZ,(i)

~ N.(0,0%) are complex

codebook strategylt turns out this relatively simple strategy
is optimal at high SNR in that it attains the pre-log capacity
Theorem 1:The pre-log capacity is
M
r=—_ 10
T (10)
and is attained by Gaussian codebooks in which each decoder
subtracts off its own signal.
The proof can be found in the Appendix.

IV. PERFORMANCE OFFEEDBACK STRATEGIES
As we have seen at high SNR, encoders can achieve the

circular Gaussian random variables independent oier Pre-log capacity by ignoring the channel outputs. In gelnera

and Z,(i), ..., Zy(i) have covariance matrixs;. Rates however, more !ntricat_e strateg_ies have_the pote_ntiallthppe
(R1, R, ..., Ry) are achievable if for alb > 0, there exists better_. To highlight t_hls potential benefit, we WI||. restripur
no such that forn > ng, complex encoding functions for attention to the special case of a common output in thiseecti
1<i<n, in which Z,(i) = Z(:) for all £ (or equivalently,Y (i) =
- | Yi(i)).
Xo(i) = f{(We, Y/ 7) (4) Note that each decoder has the option of ignoring its
. n 12 ; L on message side-informatio. Thus, a common output multiway
satisfying) i, E|X.(i)]" < nP, decoding functiong, channel can employ any strategy achievable via a multiple
(Wf, - .,W]@) =g/ (We, Y , (5) access channel (MAC) with feedback. A natural strategy is
n(Re—s) . then Kramer's Fourier MEC [5]. Fourier MEC generalizes
where messages, € {1,...,e"" "%}, such thatforall, ¢’ ozarows strategy [9] to a class of interference networks. F
P(Wf/ £W,) <35 . (6) the M-user MAC, the strategy attains the sum-rate capacity

For notational convenience, we also introduce U—Pz, which
we will refer to as the SNR.

C. Definition of pre-log capacity

We now consider a definition that is useful for understanding

the performance of strategies at high SNR.
The sum-rate pre-log capacity is defined as

=1 Csum(P)

N Pi—r>noo log(1+4 P/o?) ™

under a per-symbol power constraint [6]. For our purpoges, i
is sufficient to consider the following result.

Proposition 1: For the M-user MAC, Fourier MEC
achieves the rates (see e.g. [5])
M
> Ri <log(1+M)s) , (11)
=1
wherel < XA < M is the unigue solution to
(MXs + )M~ = (AM(M = Vs +1)M . (12)

Note thatl is defined only when the limit on the right sideas mentioned above, these rates are automatically achevab

exists.

I1l. HIGH SNR

for the common outputM-user multiway channel that we
consider in this section.
Note the sum-rate given by Fourier MEC in equation (11)

Consider the following achievable strategy. Each user goeg not attain the pre-log capacity stated in Theorem 1.
constructs a Gaussian random codebook at pdwend rates oever, Fourier MEC does provide a power gain for each
Ry Upon decoding, each user uses the codeword it Sfler py correlating the channel inputs of the users. Thisvall

across the channel as side-information to subtract offvis 0;

t to achieve rates higher than the non-feedback codebook

signal. Standard arguments (see, e.g. [8, p. ]) then showw tgﬁategy for lower SNR.

the partial sum-rates

Z Ry, <log(l+ (M —1)s)
m#L

(8)

are achievable. By summing ovérand dividing by M — 1,
the sum-rate

M M
m=1

One may be tempted to believe that the performance of
Fourier MEC improves by using the channel input signals to
refine the message estimate. While tedious to argue, one can
show this does not increase the asymptotic rate of Fourier
MEC. The problem stems from the fact that correlated channel
inputs diminish the benefit the side-information. The key to
improving the rate is to resolve this tension.

We now present a strategy to do just this, which uses feed-
back to construct an auxiliary channel. The strategyssafzer-

is achievable. Since the codebooks that do not employ fedelter strategyin the sense that we group channel inputs into
back, we will refer to this strategy as theon-feedback units of sizek. Each codeword in our super-letter codebook



Sprzg Xgr (1) an
N } [ is the unique solution to
W, K i i y k wg _
_é) El;lC é% EFB Xo(i) y Y (i) DEB :Y DEC " Sm (1 s oP >M 1
: n Z(i) : M(1—«a)P + o2

aP

- (14—A*(Af——A*) (17)

Fig. 2. Schematic of the super-letter strategy. At the eectat usert, each

M
e M1 —a«a)P+ 02) '
super-letterXé“ input gets converted into an input to the actual channelgusin .
a based on a modified Fourier MEC feedback strategy:ftimes steps, after We now use) < o < 1 as a parameter to adJUSt the level

which the feedback decoder sends its channel outputs feethdime steps t0 which we correlate the channel inputs. Sinke is the
as the vecto’” to each decodem, which uses this and its side information solution of a polynomial equation with coefficients contiis
about its own super-letter inputs to perform jointly typickecoding of the . N . . . N .
other messages. in a, \*() is a continuous function ofr, and thus\(«) is
a continuous function ofv such thatl < A(a) < A*(1).

is generated independently iy, subblocks, and each sub-Thus, for A gef A*(1) > M/2, we will selecta* such that

block of lengthk— denotedX }[m]— is generated independently\(a*) = M/2. Otherwise, we set* = 1. For notational

and according to a jointly circular Gaussian vector disttiftm convenience, we will suppress thisdependence.

Nc(ﬁ, PI). We will use the notatiork, [m, i] to denote the-th Then by joint typicality arguments on these blocks of length

component of then-th superletter for usef. k and by targeting symmetric rates, one can show the following
Each super-letter outputted by the super-letter encoder édm-rate is achievable:

ters a feedback encoder, which uses the current superdetie M k‘ll(Xﬁl; Y’“|X§)

channel outputs to construct inputs to the actual channel. &7 — 1

feedback decoder then groups the channel outputs intoaits ko o
sizek and outputs this to the super-letter decoder. The supers —— 1k’1 Z I(XE:Y (@)Y X)) (18)
letter encoder and decoder treat the actions of the feedback i=1
encoder and decoder as a black box, and the decoder performs ;1 ) k N N
jointly typical decoding of the messages using its suptete = 77—~ Z h(Y ()", Xo(i), X7)
channel inputs as side information. i=1 _ ~
Specifically, each channel input is constructed as follows. — (Y ()|~ !, Xe(3), X7, ..., X7y) (19)
For ¢ = mk, M k ‘ ~
= 7 F X, (YO Xe(0), X)) (20)
X¢(g+1) =FMEC}, (X,[m,1])) (13) i=1
Xo(q+2) =VaFMECH, (X [m 1],y (¢+1)) +vI—aXefm2l  (14) > A;WV1log(1—%ﬂ(ﬂf——X)P/02)-— Eéﬁ- (21)
| Mo (1+ M?/4P/0?) — 2R A > M/2
Xe(a+k) =VaRMECY, (Xefm )Y 4vI—aXembl . (18) | tMilog (14 A(M — A)P/o?) — 28 ow. ’
(22)
where ) )
whereS, = {1,..., M }—{¢}, and (21) since all random vari-
" Py(1) ables are jointly Gaussian by construction and by evalgatin
FMEC,; (X) = E[XQ]X the determinants of their covariance matrices. This allow/s
to establish the following.
o _ jeme—va-n | Py(i) Theorem 2:There exists a choice dfw, k) in the super-
FMEC,;(X,Y) = ¢ M Dxy (X — E[X]Y]) letter strategy to achieves sum-rates arbitrarily close to

Dxjy = E(X — E[X|Y)) .

By appropriately choosing% (i) < P fori=1,..., M (see
e.g. [5, p. 1435, Appendix C]), foP,(i) = P during time
stepsi =M +1,...,k, X1(q¢+1), Xo(g+1),..., Xp(g+1)
are zero-mean jointly Gaussian with covariance matrix

1 p - p
o1 ;

Y=P , (16)
: N
po-- p1

where(M —1)p=A—1, A= a(A\*—1)+1,andl < \* < M

-log (1 + MT25)
log (1 4+ A(M — N)s)

A>M/2

)

(23)

5

0.w.

M
ZRk < {
k=1

S

-1

wherel < A < M is the unique solution of (12).

Note thata = 0 corresponds to the non-feedback codebook
strategy considered in Section Ill, amd= 1 corresponds to
the Fourier MEC strategy. We now show that above a certain
SNR threshold, the super-letter strategy achieves theraten-
capacity.s

Theorem 3:The sum-rate capacity is upper bounded by

M
Z Ry <
k=1

M lo 1+%23
M—1"% 1)

(24)



Proof: Note that (34) is a valid upper bound on the sunsutput, there is a feedback-based super-letter strategly th
rate, and optimizing ovep gives the result. B dominates the non-feedback codebook strategy in terms of
Figures 3 and 4 show the performance of the strategiessam-rate. The question remains as to how these strategies
the high and intermediate SNR regimes; they reveal a clegggneralize to the case in which the noise at each user is
advantage to using the feedback-based super-lettergstrate different. By adapting truncated linear strategies of tiredk
considered in [10], one may be able to generalize the sirateg
3-User Conferencing Multiway Channel beyond the common output case.
18 ‘ ‘ ‘ ‘ Another issue to consider is whether one can tighten the
i upper bound in Theorem 3 for all SNR. Hekstra and Willems
derived dependence-balance bounds for common output two-
way channels [12], and these have been used to show that
under a per-symbol power constraint, if6}.X(i)|> < P for
all 4 and k, Fourier MEC attains the sum-rate capacity of an
] M-user MAC [6]. If one carries through those arguments for
the common outpud/-user multiway channel (see Appendix),
one obtains

= = = =
o N a o
T T T T

Rate (nats/dimension)
©

----- Upper Bound

M M
< log(1 M — 25
;Rk_]w_log( + X( A)s) (25)

— Super-Letter Strategy
1@ Non-Feedback Codebook

= # = Fourier MEC | where X = min{\*, M/2} and1 < \* < M is the unique
0 ] : ] ] solution to

10° 10" 10° 10° 10" 10°

s =Plo? 1+ MMM L= 1+ X (M —X)s)M . (26)

Fig. 3. Plot of the sum-rate for the strategies in the high Siigton for 3 These bounds match the achievable sum-rates given by the
users. In this regime, the non-feedback codebook outpesfdfourier MEC  super-letter strategy in Theorem 2 for all SNR. An open
(see e.g. Theorem 1), but the super-letter strategy meetsigper bound - - -
exactly. corresponding to Theorems 2 and 3. problem is whether this extends to k_:)lock power constraints.

As a final point we note that this work has focused on
symmetric powers and noises. Relaxing these assumptions is
also the subject of future work.

30-User Conferencing Multiway Channel
9 T T T T T T T T
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g APPENDIXA
E° PROOF OFTHEOREM 1
8 4 Lemma 1:Let S, = {1,...,M} — ¢. Then for all ¢ €
gsf {1,.. x M}, the set of achievable partial sum-rafes,_, 2«
L contains the region
U R T Upper Bound 4
m— Super-Letter Strategy Z Rk S I(XSe ’ }/Z|Xl) (27)
1 = & = Fourier MEC i k;ﬁl
1@ Non-Feedback Codebook

: . . - . T TR = for all {X,}ye with marginal distributions satisfying

s = Pl? E[|Xe]?] < P.
Proof: By standard arguments, the partial sum-rate
Fig. 4. Plot of the sum-rate for the achievable strategieaninntermediate Zk;&é Ry, can be bounded as follows for afl

SNR region for 30 users. In this region, Fourier MEC outpenf® the non-
feedback codebook and achieves the same rates as the stipesirategy.

nY Rp <Y T({Welezes Ye(@)[Y; ™, We) +o(n) (28)
k£l i=1

V. DISCUSSION ANDEXTENSIONS n ) il
<D h(Y(D)Xe(i), Y, W)

This paper considers a channel model in which feedback pt
is implicit in the channel outputs at each user. While a non- _ N el ;
feedback codebook strategy achieves the pre-log capacity a WY@, X0 (), Werdver) + o(n) (29)
high SNR, we demonstrate that for the case of a common < nl(Xs,; YelXe) +o(n) (30)



whereXs, = Xs,(T), Yo = Yo(T), X¢(T), andT is defined which in the Gaussian setting simplifies to

to be uniform over{1,...,n}. Lettingn — oo completes the Lo Moy
result. u 0<=][log k=1 TYIY, X . (38)
By Lemma 1, on E Wy pyi-) M= W vion x4 X
Z Ry < I(Xs,; Y| X0) . (31) While not particularly meaningful in the multi-letter seg,
iy the dependence-balance bounds become become useful in

simplifying these expressions. Standard concavity argusne

By a maximum entropy argument and summing oer about the input covariance matrices argued in [6] allow one

VY, N N X ) S0
Vyix to simplify the multi-letter inequalities in (36) and (38) t
ST R <> log % . (32) ; y
=1 me =t Y Ry < log(1 4+ A(M — A)s) , (39)
Sincelog Vy|x, is concave inKy,x, [8, Theorem 16.9.1, p. k=1 M -1

506], one can maximize the sum-rate by making the covariangfere1 < \ < M/ satisfies
matricesKy, x, the same. Itis straightforward to show that this -
is equivalent to requiring the input covariance matrix tode (1+ MM < (14 MM = N)s)M . (40)

the form One can show that the right side is concave, larger than the

L op P left side for A = 1 and smaller at\ = M. Since the left
o 1 U side increases in, they intersect at exactly one point, below
Kx=P| ] (33) which all choices ofA are valid. Theorem 3 implies that if
e this intersection point is abové//2, choosing\ = M/2
poop 1 maximizes the sum-rate. Otherwise, the sum-rate is magimiz
which implies that at the point of intersection.
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