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Abstract—Encoding correlated sources at separate encodersare not a concern, there are two approaches to generate an
has been studied extensively from the perspective of asymptoti- interface. The first is a “super letter” coding strategy [12],
cally long block codes. The associated error exponents are known ;| which blocks of the outputs from the quantization stage

for the case of lossless source coding. In this paper, we introduce treated inal bol d collected togeth
a novel technique for deriving achievable error exponents for &€ lreal€d as singié source symbois and coliected together

lossy source coding problems, where the original sources needfor binning. The second approach, introduced by Berger [13]
to be reconstructed to within some fidelity. As an example, we and Tung [14], is called the Markov lemma approach, in
show how to apply our technique to determine achievable error which one shows the output of the quantization stage is jointly
exponents for the Berger-Yeung problem. typical with the source or sources, and then uses the properties
of typical sequences to argue that the binning stage will be
successful.

Since the pioneering work of Slepian and Wolf [1], dis- In this work, we analyze the second approach and present
tributed or multiterminal source coding has been studiednovel technique for getting achievable exponents in lossy
extensively. Thanks to new converse techniques, the sumultiterminal source coding problems. We first review the
rate-distortion functions, and in some cases rate regions, \drkov lemma, which gives an asymptotic result on the
previously open multiterminal source coding problems haygansitive property of typical sequences. Previous proofs have
been completely characterized [2], [3]. These results hadet been concerned with the convergence rate, and therefore
concerned lossy source coding problems, in which one Have only shown that the convergence decays at least inversely
interested in compressing a source or sources with soWgh the blocklength [13]. We derive a bound on the rate of
fidelity. convergence of the Markov lemma. We show that it decays

In lossy distributed source coding, a standard way to shew least exponentially with the blocklength. As a result, our
a rate region is achievable is to divide the procedure inipproach gives achievable exponents for all points achievable
two stages. In the first, we vector quantize the observatiopg the Berger-Tung inner bound [13], [14]. As an application,
and in the second use a technique known as binning W@ present achievable exponents for the problem considered
further reduce the rate. The latter stage is due to an insigyt Berger and Yeung [10].
by Slepian and Wolf, who used a random hashing argument
to show that a decoder can invert the hashing functions Il. DEFINITIONS AND NOTATION

with high probability. The rate regions reflect the asymptotic We begin by defining the notion of typicality we will use.

performance of codes as the blocklength increases. In practi&ﬁ, random variables are discrete and are represented by

however, large blocklengths introduce complt_axny and dela apital lettersX, Y, Z, etc. Each random variable takes values
Thus, the performance of such codes for finite blocklengths” . . L :

: i a finite setX’, ), Z. The cardinality of a se’ is denoted
are also of interest. 8%

I. INTRODUCTION

L . X|. To simplify notation, we sometimes shorten the Cartesian
Haroutunian introduced the problem of source coding e | plify

. . ) : r f tw from X XY. Finally, for
ponents in lossy multiterminal source coding problems | .OdUCt of two setst.) fro x Vto XY ai, 10

He then presented exponents for svstems considered by Kasis X and a random vectoX", N(z;X") refers to the
€ then presented exponents for systems considered by Bagher of times the symbal appears in the sequence. That

and Berger [9], as well as by Berger and Yeung [10]. Unfortlilé N(z:X™) = 3, 1(x,_.;. Although it is a slight abuse of

nately, his results did not take into account the binning Sta%edtation for random variableX, Y, we usep(z, y) to mean

so the exponents for the rest of the rate region remains opshy _ -
. X =zY =y).

[11]. For the lossless source coding problem, error exponents, .. .. ) . o .

. . efinition 1: Consider a distributiorp(-,-). A pair of se-
have been studied to address these second order issues [4] [ n o n . : .

. nces(z",y™) are jointly j-typical (denoted(z",y™) €
[6]. These studies amount to a study of the performance lf(a)) if for all (a,b) € X'V they satisfy
the binning strategy if no quantization were done. " ’ y

The difficulty in giving exponents (let alone tight ones) is

how to interface between these two stages. When exponents

YN (a,bia™, ") — npla,b)] < |X5y 1)



This is often called strong typicality in the literature [13]. is not. Letz™ be a sequence of alternating 0s and {'s,a
Some of our error exponents will involve the binansequence of alternating 00s and 11s, afid= x™. Ignoring
Kullback-Leibler divergence. integer effects(1,1), (1,0), (0,1), and(0,0) show up equal

Definition 2: The binary Kullback-Leibler divergence be-number of times ifz™,y™) and(y", 2"), so these are always
tween two binary probability distributiongp,1 — p) and jointly typical for n = 4k. Since(0, 1) and (1,0) never show

(¢,1—1¢q)is up in (z™,2"), it is not jointly typical for an appropriately
P 1— chosen distance between the empirical and model probabilities.
D(pllq) = plog = + (1 — p) log 1o 2 One might notice that the problem with the above example
The following property about jointlys-typical sequences iS that the above sequences can be arbitrary and need not
will prove useful. conform to the probability model given. Returning to that
Lemma 1:Consider a function g¢"(z",y") — example, if2™ and y™ were realizations of random vectors
IS g(xiy). If XY have law p(,-) and X™ and Y™ observing the structure of the above model,
(2", y") € Tn(5), then standard arguments show that given that a sequé¥itez")
were jointly typical, (X™, z") would be typical with high
9" (=",y") < BEg(X,Y) + d max g(a, b). (3) probability as the sequence length increases. In fact, this holds

o ~ for any situation in whictp(z, y, z) = p(z)p(y|z)p(z|y). For
Proof: The proof follows by reexpressing’(z",y") in  this reason, the above fact is known as the Markov lemma.
terms of our counting functions and applying the definition qfiowever, known arguments have only shown that probability

o-typical sequences. Doing so gives (X™, z") is not typical decays as~.
n n n 1 - !
g™ (™, y") = - Zg(l“z',yi) (4) A. Berger's Markov Lemma
i=1 Berger introduces the Markov lemma in [13] as a condition
B Z (a,b) N(a,b;x™ y™) (5) under which joint typicality is transitive. Here is a variation of
o - A n Berger’s version. Our statement is identical to his if we were

to allow e = 0. For this case, however, Berger only shows that
< Zg(a’b) (p(a,b) + 5) (6) the probability of not being jointly typical decays inversely
3 | XY with the blocklength. Given the extra slack of- 0, we show
= Eg(X,Y) + 6 max g(a, b). @) that the probgbility of not being jointly typical goes down
ab exponentially in the blocklength.
] Lemma 2:Suppose X < Y « Z and thatX =
(X1,...,Xp) and Y = (Y1,...,Y,) are such that each
Il M ARKOV LEMMA (X1,Y) is distributed independently of all others according
Typical sequences have been used to prove achievaldie(z,y) = >, p(x,y,z). Then for alld,e > 0,
results in both source and channel coding. There are two com-
mon notions of typical sequences. One notion of typicality hasP (X,z e T (|X](6 + e))’(Y, z) € Tn(é))
been to assume that the empirical entropy rate of a sequence is
“close” to an actual entropy rate for some distribution on the >1-2/xZ| {_ D <€|Z|_1 +1 H1>}
i - : > exp < —n . (8)
sequences. For this version, a version of the weak law of large 2 2
numbers show that random sequences that are stationary and proof: Following identical arguments to Berger, we get
ergodic become typical with high probability as the sequenggat
length increases, which is called the asymptotic equipartition

property. The second notion of typicality is to assume that the np(z,z) = | 2|7}
empirical probabilities match the probabilities for some model. < E[N(z,2,X,2)|(Y,2) € T()] <
A pair of sequences that satisfy such a property on their joint np(e, 2) + 0| 2|71,

distribution are called jointly typical. One can show that pairs

of sequences generated by i.i.d. distributions are jointly typicalNow, let X be such thatX;, = X, for k # i and X; is an

with high probability as the sequence length increases.  independent copy oX;. Then, for alli, x, z, we have that
In distributed systems, one would like typical sequences ~

generated at different sites to be jointly typical with each other. IN(2, 2 X, 2) = Nz, X, 2)| < 1,

However, the following example, taken from [13], shows tha{imost surely. Since we have satisfied the assumptions neces-

typicality is not transitive. _ sary for [15, eq. (2.4.16)] to hold, we have
Example 1:Let =", y™, and z™ each ben-length binary

sequences. Suppose we choose to model each as an PN (z, 2; X, 2) — np(x,2) > n(6 + €)| 2|
sequence such that the joint probability at any index is

p(z,y,z) = 3. Then, we construct an example in which both_ D 2t +1 1

(z™,y™) and (y™, 2z") are each jointly typical, bufz™,2") — P 2 2 ‘

(n@en@)
©



By symmetry we have that Let {ﬁg(l)}fgl be a set of lengthh random vectors, where the
U (1) are mutually independent random vectors of length

P<|N(l’7 %X, z) —np(z,2)| > n(d +€)|Z]7H(Y, 2) € TTL(CS))Nith each component i.i.d. according to the distributidny,).

= Then there exist functiong, : X' — {1,..., L} such that,
< 2exp {nD (€|Z|2+1 H;) } . for U}? = UI? (6 (X7)),
(10) P((XT,.... Xy, UL, ..., Upp) ¢ Ta(6))
Inv_oking the d.efinition of joint typicality and applying the <Xy - Ung | exp {—nD (5/)(1 e Up+1 Hl)}
union bound gives us 2 2
M
P&z € T(IXI0 + )Y 2) € Tn(9)) + > exp{—n(Eo(pi.p(X:, UD) = piR)}, (13)
< 2|XZ|exp{—nD (dz{'“ H1>} (11) =t
2 2 for —1 < p; < 0. Further, whenRy, = bg% > I(Xy; Ug),
The lemma follows immediately. B there existyy € (—1,0) for which Ey(pr, p(Xx, Ur)) — pr R
is positive.

Proof: The following observation about sequences of the
auxiliary random variables is central to our proof.
Lemma 3:Let (X1(4),...,Xn(4),U1(4),...,Up (7)) be
. i.i.d. in ¢ with the joint distribution given in (12). Then

XTI UTI
(z) n n n n
P((X17~-~7XM7U1a-~'vUM)¢Tn(6))

Xy - 111
§2|X1...Z/{Mexp{—nD<6/| Lo U + H)}

2 2

Proof: To simplify notation, define Z(i) =

: (X1(4), ..., Xa(2),Us(7),...,Upm(i)). Note that they
e are iid. ThenZ" = (XJ,...,X{,Ul,...,U%). Now,
let Z™ be such thatZ(k) = Z(k) for k # i, and Z(i) is
an independent copy of(:). Then, we know that for all
Fig. 1. Generalized Markov Lemma ac|&;---Uy| and alli,

IN(a; 27) = N(a; 27)| < 1

B. Generalized Markov Lemma . . o
almost surely. Then the Azuma-Hoeffding-Bennett inequalities

While the above result is useful in the Wyner-Ziv problen“[,15 eq. (2.4.16)] imply that for alh € X, ---Uy; and § =
it has limited application elsewhere. We now present a geg/“;\ﬁ Ung|
eralized Markov lemma that turns out to be useful in proving

achievability results for general multiterminal source coding P(IN(a;X7,..., Xy, UL, ..., Uy) — np(a)| > np)
problems. Berger [13] and Tung [14] call their version the S+1]1
extended Markov lemma. Housewright [12] shows a similar <2Zexpy—nD{——|5 |- (15)

type of Markov lemma even though he does not describe_jt — - . . .
in those terms, and Oohama [16] shows a version for t Y the definition of jointd-typicality and applying the union

Gaussian case. The following version most closely resembpe%llfnd’ we ge_t (14). "
the one proved by Han and Kobayashi [17]. he remaining terms come from the fact that our functions

Once again, our primary goal is to establish that the prob%(—a(Ed to approximate this structure. We can show how this

bility joint typicality is not satisfied goes down exponentiall)yvOrkS using a forbidden codeword argument, as seen in [18]

with the blocklength. The only difference is that now, we ar n‘lqh[l?. bidd d didea i foll Let h
extending our setup to multiple encoders, as seen in Figure € forbidden codeword ldea IS as follows. Let each source

We now state the result » pass through a discrete memoryless channel (DMC)

Theorem 1:Let Uy, be discrete auxiliary random variables P(Up = ug| Xy = x1), (16)

with the property that - . . .
based on the joint probability given in (12). Suppose that,

P(Xy=21,Uy =u1,..., X =20, U = un) = in addition to sourceX}, Encoder-k also has access to the
M output of the DMCX}, passes through. If this channel output
P(Xi=21,...,Xp =xn) H P(Uy = uk|Xx =2xr)  were an additional codeword in our codebook, we would
k=1 always select it, and joint typicality would follow immediately

12) from Lemma 3. However, this codeword is forbidden because



the codebook must be defined before the source can \WWe now take the expectation over the codebook ensemble,
observed. Thus, we will show that we can select codewordenoting itE-. Since we have the bound (14), all we need is
from our original codebooks that are at least as likely to be show that
jointly -typical as the forbidden codewords. We will find the
probability that the forbidden codewords are more likely to be
jointly é-typical is less than .
, P(ye(Uy) > w(Uy)) < eXP{*“(Eo(Pi,p(Xi,Ui))*Pz']z)?})

;eXp{ n(Eolpi, p(Xi, Ui) = pilfi) }- (17 and that these go to 0 whey, = 2% > [(X;; Uy). The
Thus, the probability that the functions, will not yield :Z‘ttsehro'\f‘w‘]’v Eg,m’wn (see e.g. [19], 18], [12]). and the former
sequences that are jointh+typical with the X! sequences

will be upper bounded by the sum of (14) and (17).
We now specify functiong;, that result in this. To simplify

notation, we define EcP(y(al) > v (UT))
(g (1) = P((XTs ..., Xpn UL Uy L
~n ~7 Am n = ’LL 'LL ,.’E 1 28
uk(l)aukJrl"--vuM) ¢Tn(6>|Xk)7 (18) ~§l:’) Ep k ;’p k k Ax ( )
Uy, N = TUy
which is anX;-measurable random variable. This is a slight 1<U<Lg
abuse of notation since foy,(U}}), the expectation would L o e
be taken ovet?". Using this notation, our functions; are = [ G@r@) > p™(up)p™(@pup)La,,
defined as 1Z§(l<)L =1 Tl
>0 S Lk
or(Xp) =arg min () (19) (29)
1:1<I<Ly

With this definition for our encoder functions, we now state
the following lemma. . .
Lemma 4:For theg,, defined as in (19) and} = ¢, (X7), Where Ay = {y(up) < A (ag(m)),vm}. For fixed zy,

Holder’s inequality implies that
P((X?’ v ’X]?Pﬁ?a e ﬂRI) ¢ Tn<6))
< P((X{lv"'ﬂXxlle 7"'7UJW) ¢Tn(5))
M

+ > P(p(ig) > w(UF)) (20) EcP(y(ty) > v (UR))
i=1 Ly
Proof: Observe that < Z Z Hpn(ﬁ
anap(l), 1=1
P((Xla X;\L/[v A?a""ﬂ%) ¢Tn(6)) 1<U<Ly
1+p
= By (a)] (21) (Zug pn(uz)pn(wuz)l/mp))
= B (@)1, @p)<nwp)y] ' (Z ()1 )p G0
+ By (a7 )1{’Y1(u{‘)>’71(U1")}] (22) b i g
< EmUN) @< o]
+ Elya (7)1 ap)ysm )] (23) . .
< Ep (U] + ELpy apysm )] (24) for —1 < p < 0. Since(-)~* in convexA, we have
= E[p(az)] + P(n(al) > n(U)), (25)
where (21) follows from successive conditioning, (22) by . .
linearity of expectation, (23) from the event on the indicator FoP (v (@r) > (U}))
function, (24) since the indicator function and are bounded n () m\on (o, 1/ (14p) 1+e
by 1 almost surely, and (25) from the definition ¢f(-). 2an (Z p P w)p" (i) ) (31)

The result follows by induction since we can apply the same i ?
arguments to show that 2 ar), Tty P (@ (D) X P ()1,

1<l <Lk
Elyi(ay)] < Elye ()] + Plye(ag) > (Uy))  (26)

and noting thatE [, (U}))] is the same as the left hand side
of (14). B Since the marginals are all the same, symmetry allows us to



{ Xk} {Xi}
— " ENC
R DEC N
{Y%} Y {¥}
— " ENC "
Fig. 2. Berger-Yeung Problem

simplify this expression to

EcP(y(ay) > v (UR))
14+p
1/(14p) 1\
< n n n n
=3 DIRTSHIES ==
(32)
14p
n(, n\, n . .ni,n\1/(1+p) 1\
<3| o i) (%)
xT Uk
(33)
1+p
= Z ZP"(UZ)I)”( Plug)t/ () e"Pfir(34)
1+p n
= Z(Zp(uk)p(mkluk)l/(l+p)> o
x Uk
(35)
= exp{—n(Eo(p, p(Xk, Ux)) — pRk)}, (36)

where Eo(p, p(Xk, Ur))

—10g (32, (.., plun)p(ague) /)" 7).
Finally, combining (14), (20), and (36) gives us (13).m

IV. APPLICATION TOBERGER Y EUNG PROBLEM

We now consider a problem considered by Berger ang

Yeung [10], which has the structure depicted in Figure 2.
this problem, there are two correlated sourdés, } and{Y}},

at separate and non-interacting encoders. As the blocklen

gets large, the decoder is interested in reconstructikig}
perfectly and to approximatgy;, } to within some distortiorD
for a given distortion function. For a distortionD, Berger and
Yeung characterized the rate-region for this problg, R,)
as

1) X &Y « Z for an auxiliary random variabl& € Z,

2) Y (X, Z) exists such thaBd(Y,Y) < D,

3) R, > HX|2), R, > I(V;Z|X), and R, + R, >
H(X)+I(Y; Z|X),

4) |Z] < (Y| +2.

We are interested in the probability that a code fails to me
these requirements for any finite blocklength. That is, we aft

interested in the everB(«), where

B(a)® ={d"(Y",Y") < D+a,X" = X"}. (37)

For interesting resultsy > 0.

Theorem 2:Let (R,, R,, D) be an achievable point in the
region of the Berger-Yeung problem. Then, given any > 0,
then there exists a sequence of Berger-Yeung codes with rate
(Rz, Ry) + (e, €) such that

hmmf—flogP( (@)

n—oo

max max

min {
d<min{a/Dmax, p(z|y): Ed(Y,Y)<D
e/ max{cz,c. }}

>

R, +R,— H(X)—-I(Y;Z|X) — ¢,
0/|XYVZ|+ 1] 1
p((S1AZ|+1) 1) 8)
2 2
where ¢, = maxLlog (lw), ¢, = max, logﬁz), Caz
max,, . log m, andc = ¢, + ¢, + cg .. Proof: Our

encoding procedure consists of two phases: a quantization
phase followed by a binning phase.In the quantization phase,
the encoder forX™ does nothing to the source since we are
interested in perfect reconstruction. The encoder¥ér, on
the other hand, follows the following quantization procedure.
Using e™* codewords generated i.i.d. by distributip(e™) =
[1»(z:), we generate the output™(Y™). By the generalized
Markov lemma given in Theorem 1, we know that there exists
an encoding rule such that the probability this output will not
be jointly s-typical with our sources has probability at most
P((X" Y™, Z"(Y"™)) ¢ T())
< 2xYZ|e PR R)
4 e~ UBolpp(Y,2))=pR) (39)
where—1 < p < 0. Note that we can mak& large enough
so that the first term in (39) dominates. Further, if we let
0 < a/Dmax, Where Dy, = maxy d(y, ), then this is the
probability our target distortion is not met.
The second encoding phase is binning. In this stage, the
7L(H(X)+e) .
encoder for X" selects “—x; o-typical sequences of
) independently and randomly for each &%= bins. It
en finds the bin containing™ or declares an error. For the
coder forY™, we selectw typical sequences of
8[}] ) independently and randomly for each &ffv bins. It
then finds the bin containing™(Y™) or declares an error.
We require thatR, < H(X)+eandR, < I(Y;Z) + € for
the bins to be nonempty. Assuming there were no error in the
guantization stage, the probability that each encoder declares
an error is [13]

P(X™ not foundX™ € T,,(8)) < exp {fe”(“cz‘;)} . (40)
P(Z™(Y™) not foundZ"(Y"™) € T,(9))
< exp {—e"(“_("z‘s)} , (41)

e

G%ere ¢, = max, log p(lx), ¢, = max, log ﬁ Thus, we
requiree > (5max{cx, c.}

The decoder receives the bin indices from the two encoders

and must decipher which pair of codewords was sent by the



encoders. If there is only one pair of codewords that are jointl§g] E. A. Haroutunian, “Multiterminal source coding achievable rates and
typical in the product bin, then the decoder can identify them.

Otherwise, it qedares an error. Because each typlc_al Sequenge a. H. Kaspi and T. Berger, “Rate-distortion for correlated sources with
was selected independently and randomly for the bins, a union partially separated encodertEE Transactions on Information Thegry

bound argument gives a bound for the error probability as

g < OO 02140
<
(E2) < entie enfty [11]
|x™, 2™ € T,,(9)]
: 42
27 € T,,(8)||z" € T (0)| (42) 2
< e—n(Rm-i-Ry—H(X)—I(Y;Z|X)—2e—05) (43) [13]
since |z" € Tn(5)| > n(HEOF0e), o0 e T(8)] > g
e H(Z)+0ez) |gm 2m € T, (6)] < en(H(X,2)+5¢.2) and where

c = C$+CZ+CIZI I( 5
Czz = MaXy . log
The total error pro

Z) =

(40), (41), and (43). Making? large enough so that the first

term on the right-hand side of (39) dominates and noting th[@h

(40) and (41) are doubly exponential gives us our resuil

V. DISCUSSION

(10]

I(X,Y;Z), and where [13]

i)ablllty is bounded by the sum of (39)16]

(18]
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achievable source coding error exponents in multiterminal

source coding problems. Whenever the Berger-Tung inner

bound is tight, this approach gives a lower bound on the

achievable exponent. However, the typical sequence approach
appears to be a little coarse when compared to the more elegant
results of lossless source coding. Berger gave some general

results on this for the point-to-point problem [7, pp. 194-198].

Unfortunately, the binning argument precludes using such an

argument in our case. Still, one would like to determine the

tightest possible exponents for this problem. Another issue for

future consideration is lower bounds to our error probability.
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