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Abstract— Recently, Shayevitz and Feder introduced an in-  In order to behave opportunistically, the encoder and de-

dividual sequence formulation of channel coding under mode coder need to be able to develop a protocol to adjust the

uncertainty and an elegant coding strategy that adapts Ho®eIN's a4 of transmission. In order to do this, there must be a
scheme to this setting to achieve the empirical capacity ofhe feedback link f the d der to th der. Feedback i
channel. Their scheme requires both full-rate output feedbck eedback link from the decoder o the encoder. Feedback IS

and common randomness. We present a strategy in the style of @ Necessary component for any coding strategy attempting to
Hybrid ARQ that requires no output feedback by using common achieveR ~ 1 — h(p) without prior knowledge op. Without
randomness and zero-rate active feedback. This strategy ibt feedback the encoder and decoder must choose aRrate
asymptotically achieves the empirical capacity. advance. This rate will be larger than- h(p) for somep and

by the strong converse to the noisy channel coding theorem,
the decoding error will tend ta. Full output feedback could

Models for communication in time-varying environment&!low the encoder to track the decoder’s progress and thereb
often assume that the channel dynamics can be modeled,§8ptrol the decoding time. When the channel is less noisy the
example, as a finite-state machine or Markov chain. HowerP,C_Oder can terminate earlier, and when the channel isenoisi
such models may not be appropriate in many situations. FbWill take longer. _ o _
example, in shared unlicensed frequency bands, a communi-ShayE;‘V'tZ and Feder recognized that significant gains could
cation system may be ignorant of the coding and modulati§R™Me Wwith feedback, and recently proposed a channel model
schemes adopted by other systems, and these other sys%”ova coding strategy. In th(_alr model, the_encoder has an
may occupy the band intermittently. What design principld8finite supply of bits to transmit and the noise sequeace
should a communications system employ to be robust to suéhfixed in advance but is otherwise arbitrary. We can think
uncertainty about its environment while exploiting as muchf their coding strategy as using full output feedback and
rate as possible? common randomness .to achieve th.e.rhte h(p).for all p

As a concrete example, consider a channel that takes bindff z [2]. They call this rate theempirical capacity of the
inputs and produces binary outputs, where the output is p'qp_annel, and we will continue to use this term. In partigular
duced by potentially flipping some bits of the channel inpug!Veén & blocklength ofV, the decoder chooses to decode the

If channel noise does not depend on the channel input symg§pt 2V 2 bits of the message, whefeis not fixed in advance.
then a convenient way to express the output {0, 1} is Their coding scheme guarantees that }h& decoded bits are

equal to the firstV R bits of the message with high probability
y=x®z, (1) for all noise sequencesas the blocklengtiV — oo.

In the model proposed by Shayevitz and Feder [2], the
wherex € {0,1}" is the channel inputz € {0,1}" is the encoder has access to (passive) output feedback from the
noise sequence, and addition is carred out modulcet p be decoder that allows the encoder to provide control and es-
the empirical fraction ofi’s in z. timation information in a set of training sequences that lsan

A simple model forz is the binary symmetric channelselected via common randomness. Because the information
(BSC), in whichz is i.i.d. with P(z; = 1) = p*. The capacity provided in the feedback is so rich, they can create a scheme
for such channels is—h(p*). Another model is the arbitrarily that is horizon-free and can be terminated at any time. The
varying channel (AVC) [1] in whichp < p*, wherep* is limited common randomness required for training sequence
known in advance and the noise sequence may be chopesitions can also be determined via active feedback. Hexvev
adversarially with respect to the coding strategy. Codeshi® in the wireless communication systems motivated earlhar, t
AVC are designed to target the worst-case capadcityh(p*). encoder typically does not have a way to access the full dutpu
When the noise is not adversarial apd« p*, these coding feedback of the decoder.
strategies are not opportunistic and do not exploit thergi@le  In light of this, we consider only limited active feedback
capacity of the channel. from the decoder to encoder along with common randomness.

I. INTRODUCTION



To do this, we adapt the feedback-reducing block/chunkestra
gies used earlier in the context of reliability functiond,[3

[4] and most specifically in [5]. They are in turn inspired by
Hybrid ARQ [6]. The flavor of our algorithm is different — in
our scheme the decoder uses the feedback link to terminate
rounds that are too noisy but otherwise attempts to correct
the error in less noisy rounds. By doing away with the output
feedback, we lose some of the simplicity of the scheme in [2],
but we show that a similar performance can still be obtained

then the decoder feeds back “BAD NOISE.”
b) if
<1 -h(g™) — (N 5
(b—nl)-n< (q ) av) )
then the decoder decodes and feeds back "DE-
CODED’”

c) otherwise the decoder feeds back “KEEP GOING”
and goes to 1).

with almost negligible feedback. Our main result states that this strategy asymptotically
In Section Il, the coding strategy is described in detaihglo approaches the empirical capacity with vanishing errobpro

with a statement of the main result. For this strategy, Bactiability.

[l bounds the error probability, rate loss, and sets patarae  Theorem 1: When used over a binary channel whose noise

to complete the proof of Theorem 1. Section IV concludes tls@quence hasV ones, with probability —§ (V) the algorithm

paper with some discussion and future directions. below achieves a raté — hy(p) — B(N) for p ¢ [1/2 —

T7(N),1/2+7(N)], where§(N) — 0, B(N) — 0, 7(N) — 0

Il. THE CODING STRATEGY as N — oo

We divide the blocklengthV into chunks of lengthb =
b(N). The encoder attempts to serid = k(N) bits over
several chunks comprising eound. Prior to transmission, The analysis of our strategy, carried out below, consists of
the decoder and encoder use common randomness to cha@@eparts. In the first part we show that the training posgion
n1 = ny(N) training positions 7}, for chunkn. The encoder provide a good estimate of the empirical noise frequency
and decoder will also choose a random codebook for eaglemma 2) and that the condition in (5) is sufficient to decode
round. In a round, the encoder divides the codebook intie & bits for a round with small probability of error (Lemma
segments of length—n; and transmits the-th segment over 3). The second part of the analysis shows that the loss in
the b — n; non-training positions in chunk. Dependence of rate from our scheme becomes negligible as the blocklength
the parameters oV will be suppressed throughout. increases. The rate loss within a round is small (Lemma 5).

The decoder uses the outputslip to estimate the empirical The overall rate loss across rounds is also small (Lemma 6).
noise distribution in chunk. After each chunk the decoderwe show that all of the bounds can be satisfied by setting the
will either (a) decide to decode thiebits and tell the encoder parameters at the end of this section.
to terminate the round, (b) decide that the empirical nagse i ]
too bad and tell the encoder to terminate the round and stArtError analysis
over, or (c) decide that it cannot decode yet and tell theéeico We will declare an error if one of following two events
to send another chunk. occurs:

A more formal description of the scheme follows, and 1) (E1) We declare an error if
an illustration is provided in Figure 1. For each round, the
following steps are repeated for each chunk: g™ — pMD| > ea(N). (6)

1) The encoder sends chunkof lengthb. For j € Ty, it
sendsz; = 0 and forj ¢ T,, the bits{z; : j ¢ T;} are

Il. ANALYSIS

2) (F2) We will have an error if we decode to the wrong

the nextb — n, entries in the code for the current round. Codewo.rd, ] _
2) The decoder estimatgé™, the empirical frequency of We must first find a bound on the length of a round in
I's outside ofT},, andp™), the average over chunks inCunks. Let
: 1 1
the round: M= inf {q(n) c [_ . +T}
oo Ly (m) 1zn: O @ "0 22
q "= — 27 q n) — — q g s k
n ni= or——  <1—h (‘(”)) - 7
JET, i=1 (b — nl)n < q €1 ( )

wherec,, = {b(n—1)+1,...,bn} and

n 1 —(n 1” [
PW=3>% == @
i=1

JEcn

We now argue thafl/ cannot be too large.
Lemma 1 (Bounds on M): We haveM < M*, where

k
{(b—nl)-(l—h(% _T)_el)w - ®

If the decoder attempted to decode, theh> M., where

M* =

3) The decoder makes a decision based;én andn:
a) if

RS B —T(N),1+T(N)} (4) M, = { i w . (9)
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Fig. 1. After each chunk of length feedback can be sent. Rounds end by decoding a message anirdethe noise to be bad.

M) Proof: Let us define the empirical noise in the non-
badp training positions by
1 \ 1 M
______________________ 5(M) _ Z Z ) 14
p — Zj - (14)
i1 M —m) = 7

ThenM (b—ny)p™) + Mn, g™ = Mp), ThenES implies

M
- M(b—n)g™ = > 2| < Mbe, . (15)
M* M n=1j¢T;
So
Fig. 2. Curve illustrating whyM is finite. b
a0 —p| < g e (16)

Proof: The argument is illustrated in Figure 2. We musThus undet=7 we know that the empirical ?oise frequency in
simply find the point where the curve defined by (5) interseciige non-training positions is also closeqd”).
the “BAD NOISE” threshold. This gives the bound in (8). The Since after every chunk the decoder must decide whether

lower bound is trivial from the definition in (5). m to decode, the actual rates that can be realized in a rouhd fal
Lemma 2 (Bound on E;): We have in the discrete sefk/M (b —nq) : M, < M < M*}. Under
9N E¢ we have from Lemma 7 thdt(g™)) — h(p(M))] < es.
P(E;) < = exp (—2n1-€3) . (10) From the definition of the decoding rule in (5) we have
Proof: We will first prove that our estimate of(™ k
improves withn. We can view eacly'”’ as an independent MO —n1)
[;1]r.1dom variable with meap(?. By Hoeffding’s inequality <1- h(ﬁ(M)) e —es) . (17)
n n Thus our code will be operating at a gap at le@st— ¢3)
1 - 1 .
P ( ~ Z g — ~ ZP(” > 62) from the empirical capacity.
i=1 i=1 Since the capacity-achieving input distribution for any bi

<2exp(—2-n-€3) . (11) nary symmetric channel is Bernoullj(2), the encoder and
oder will choose an iid random codebook of blocklength
(b—mny) with 2+ messages from that distribution using
common randomness. Becaus£ is not known in advance,
pWe must guarantee that the codebook and its truncations to
blocklengthsM (b — n1) perform well, for M, < M < M*.
From an exercise in Gallager [8, Exercise 5.23, p.539], we

Because we can terminate a round after any number of chun%%c
it is sufficient to bound the probability df; only for a single
chunk.

Another result of Hoeffding [7, Theorem 4] states that tl
exponential inequalities for sampling with replacemenidho
for sampling without replacement as well, 68’ converges

to p and have that the error averaged over the ensemble and messages
is upper bounded by
P (’q(l) —p¥| > 62) <2exp(—2-n1- 6%) . (12) KA M 12
. . : ~M(b—m) € m-m) (18)
Taking a union bound over alN/b chunks, we obtain (10). oxp "\ 8/e 1 4(In2)? .
]

Lemma 3 (Bound on E,): Assumer > e, and g™) ¢ To turn this into a bound on maximum error, we remove

1/2—7,1/2+ 7], and lete3(N) = h(bfmeQ) Then the half of the messages with highest error probability. We

P must guarantee that the error probability is small for all
P (E,|ES) < exp (—k <(61 — 3 — M*/k) )) . (3) M € {M,,...,M*}, so itis sufficient to perform\/* such
8/e* + 4(In2)? thinning operations to obtain a codebook with messages.




The loosest bound in (18) is fad (b—n4) = k in the exponent
andC — k/M(b—ny1) = (e1 — €3), SO

Puﬁﬂﬁ)Semp<—k<&;;;1;gfg?2>). (19)

——=1—hy(p™) /
—— lower bound

rate per round

Under the assumptions > 1, ¢M) ¢ [1/2 — 7,1/2 + 7],
andE¢, we know thap*) andg(®) must lie on the same side
of 1/2. Therefore our decoding rule can be a simple minimum-
distance (ifg™ < 1/2) or maximum-distance (if{(*) >
1/2) decoding rule, which is as good as maximum-likelihood
for these channels. [ ] Fig. 3. Example of convex lower bound.

We denote the overall error by = §(N) = P(Ey) +
P(E5|Ef). The bounds in (10) and (13) provide an upper
bound oné in terms of the other parameters.

Combining Lemmas 8 and 1 with equations (23) and (24), we

B. Rate analysis get
There two types of rate loss — loss within a round and loss __k >1—h(p™)) — h(M 1)
for the final uncompleted round. (b—mni)M —
Lemma 4 (Rate loss for uncompleted round): The fraction —e3— € — M, . (25)
of channel uses lost(N) due to a nonterminating final round (M, —1)?
is upper bound by Combining the lower bounds (22) and (25), we get (21
M*b An example of the bound above is given in Figure 3.
(V) < (20) Lemma 6 (Overall rate loss): Under Ef, we have
Proof: The proof follows immediately from Lemma 1
since no round can be larger thaf* chunks. [ | L >1—h(p) — B(N), (26)
Lemma 5 (Rate loss within a round): Suppose we are un- bM
der the eventE$. Then for a round with an empirical noisewhere
frequencyp(™) ones in the noise sequence, the rate is at least * *
) BN = o+ h(P0) + 2t L
> 1—h(E™M) - Gy(N) (21) Proof: One can expresp as a weighted sum of the
(b—n1)M M) from each of the completed rounds and a penalty for

wherefo(N) = max{h(M) + e3 + e, + (1\4]\431)2 ,h(1/2— the nonterminating round of no more thah® by Lemma 4,

T —e)). - where the weights corre;pond exactly to .the fraction of khgr_‘\
Proof: We experience rate loss in both rounds thatsed for that round. Using the same weights on the empirical

terminate due to “BAD NOISE” and ones in which we decog&ates from each round gives us gives us the rate over theentir

In the “BAD NOISE” rounds, the rate is obviously Under block N._Lemr_nas 4 and 5 along with the convexity of the

E, this can only happen whei™) € [1 —7—¢;, 34746, 1~ h(p) in p gives

so we have the lower bound

1 h(p) = Bo(N) =k (M*b)

k bM N
> 1-h(EM)—h(1/2—T—€) . 22
G 2L — k02— —e) - (22) M m
In other rounds, our loss comes from and deviations in N b
g™ . While satisfying (5) gives us an upper bound on the u

rate, we want a lower bound of the form given in (21). T

get this, we will use the fact that (5) is not satisfied in chunk’ Setting the par ers

M —1, so The algorithm as described has a large number of param-
eters which must satisfy various asymptotic conditions & w
G ar=D >1—h(EM D) —¢ —e5 . (23) are to approach — h(p). By way of an example, let us set
“m _
k(N O(N*'/?
To get the bound, we must bound the change in rate from b((N)) @ENl 43
M —1to M and the change ip™~ to p™) to get the e
m(N) | O(N/7)
bound. From Lemmas 9 and 1, we have —
ai(N) | O(N~119)
k > k _ M, ' (24) e2(N) @(N—l 32)
(b—ni)M — (b—n1)(M —1) (M, —1)? T(N) | ©(N-17/8)




Since hy(e) = O(eloge™!), these parameters give, = ACKNOWLEDGMENTS
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choose the training positior’s and the random codebooks for
each round. The decoder could use active feedback to inform APPENDIX
the encoder of the; (V) training positions in chunk before  We state three simple technical lemmas. The proofs can be
it is sent. Over theN/b(IN) chunks this would require anfound in [13].
additional N (n1(N)/b(N))log N bits, which is sublinear in  Lemma 7: If
N for the example in the previous section.
A more difficult issue is the randomness used to generate
the codebooks for each round. We can use a single codebdh
and choose a random permutation of the entries in each round, |ho(p1) — hy(p2)| < hy(€). (28)
which would requireO(M*(b —nq) log(M*(b—ny))) bits of Lemma 8:
common randomness per round, @(N log N) bits overall.
One way of reducing this randomness would be to prove
the existence of nestelist-decodable codes and use active

|p1 _p2| S €, (27)

B0 0) = ()| Sk (n7Y) L (29)
Lemma 9. Forn > ng,

feedback to provide a small secret key that can disambiguate 1 > L 1 _ (30)
the list, as in [9], [10]. Such an extension will appear in the n-n—-1 (ng—1)>
journal version of this paper. REFERENCES
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