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ABSTRACT

The field of Compressed Sensing has shown that a relatively small
number of random projections provide sufficient information to ac-
curately reconstruct sparse signals. Inspired by applications in sen-
sor networks in which each sensor is likely to observe a noisyver-
sion of a sparse signal and subsequently add sampling error through
computation and communication, we investigate how the distortion
differs depending on whether noise is introduced before sampling
(observation error) or after sampling (sampling error). Weanalyze
the optimal linear estimator (for known support) and anℓ1 con-
strained linear inverse (for unknown support). In both cases, ob-
servation noise is shown to be less detrimental than sampling noise
and low sampling rates. We also provide sampling bounds for anon-
stochasticℓ∞ bounded noise model.

Index Terms— compressed sensing, random matrices, sparsity,
sensor networks,ℓ1-minimization,

1. INTRODUCTION

Recently, researchers have shown that accurate reconstruction of high
dimensional signals is possible from a relatively small number of
random projections. Initial work in this area [1, 2], termedcom-
pressed sensing, showed that if a signalx ∈ Rn is k-sparse (i.e.
is non-zero only on a setK with |K| = k) then it can be recov-
ered perfectly usingm ≪ n noiseless linear samples of the form
yi = 〈φi, x〉 for i = 1, · · · , m, whereφi are random vectors uni-
formly distributed on the (n − 1) dimensional unit sphere. These
results are possible withm = O(n log(n/k)) and no prior informa-
tion on the location of the supportK.

Ensuing work has addressed how things change when each sam-
ple is corrupted by some small noise. For the task of support re-
covery, [3] shows thatm must be super-linear in eithern or k. For
signal recovery, [4, 5] show that near optimal signal reconstruction is
possible withm = O(k log(n)), and [6, 7] show that more general
scalings admit reconstructions that are stable in theℓ2 norm, that is
their reconstruction error is within a factor of the noise magnitude.

This paper is inspired by the application of compressed sensing
for use in sensor networks. In [8, 9] the authors describe setups in
whichn sensors sample some compressible phenomenax. Then,m
random projections ofx are computed over the network and com-
municated to a receiver such that each sample picks up some small
sampling noisewi, i = 1, · · · m.

We investigate how things differ in the presence of what we call
observation noise, that is small noise components added to the phe-
nomenaxj prior to being observed at each of then sensors. It is
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tempting to argue that noise added to the signal prior to sampling
can be “pushed through” the sampling process and equivalently be
considered as noise added after the sampling process. In this paper,
we show that such a consideration is inappropriate.

In Section 2, we determine the distortion of the optimal linear
estimator when the supportK is known and all non-zero signals
have i.i.d. elements. In this setting, the effects of observation noise
are correlatedand exist in thesame subspaceasx. For m < n
samples, we verify that the correlation renders observation noise less
detrimental than sampling noise. However, form > n, the distortion
due to sampling error continues to decrease whereas the distortion
due to observation error is necessarily constant.

In many interesting situations, such as sensor networks, the sup-
port K is not known a priori. In Section 3, we analyze the recon-
struction performance of anℓ1 constrained linear inverse, termed
Basis Pursuit, under this setting. We present upper bounds on the
distortion for both the observation and the sampling noise model.
These bounds suggest that observation noise is less detrimental than
sampling noise, which is confirmed to some degree by numerical
simulations.

We address the problem of support recovery in Section 4 for the
situation where the each element of the observation noise isbounded
in magnitude and give a set of necessary scalings which permit per-
fect recovery.

1.1. Sampling Model

In the most general sampling model considered in this paper,a k-
sparse signalx ∈ Cn is observed via

y = Φ(x + wo) + ws (1)

wherewo is some observation error applied directly to the signal
x, andws is some sampling error. The entries of them × n sam-
pling matrix Φ are i.i.d. circularly symmetric complex Gaussians
with zero mean and variance1 1/n. The supportK is uniformly
distributed over the

`

n

k

´

possibilities. For a vector or matrixA the
notationAK refers to the part ofA supported onK, and and the no-
tationKc refers to the complement ofK. We analyze the effects of
the two kinds of noise separately by comparing two simplifiedver-
sions of (1), one with only sampling noise, denotedys, and one with
only observation noise, denotedyo.

2. OPTIMAL LINEAR ESTIMATOR OF XK GIVEN K

In this section, we study the problem of recoveringxK whenK is
known. This is interesting whenK can be accurately determined

1This is in contrast to other work in which the matrix elementstypically
have variance1/m. Our choice is made so thatE||Φw0|| = E||ws||.



or whenK is known a priori but there is no control over how the
samples are taken. Additionally, the analysis of this case shows the
fundamental differences between the types of noise regardless of un-
certainty in the support.

We consider signalsxK , ws, andwo to have i.i.d. elements
with variancesσ2

x andσ2
w respectively. Because we chose our sam-

pling matrix to have unit normed rows (in expectation) each sam-
pling model has the same per-sample signal to noise ratio (SNR)
denoted byβ = σ2

x/σ2
w.

Conditioned onK, the normalized distortion for the linear least
squares estimator is given by

D = min
M∈Ck×m

1

kσ2
x

E||xK − My||2 (2)

=
1

kσ2
x

E tr
˘

Kx − KxyK−1
y Kyx

¯

(3)

whereKx, Kxy, andKy are the covariance matrices ofxK andy.
The expectation in (3) is taken over the sampling matrixΦ.

The first step toward calculating the distortion is to recast(3) in
terms of a single random matrix. It is straightforward to show that
the distortion due to sampling noise can be written as

Ds =
1

k
E tr



“

Ik + βΦH
KΦK

”−1
ff

(4)

where( n
m

)Φ∗
KΦK is a central Wishart matrix.

For observation noise, on the other hand, we must consider whether
or not the covariance matrixT = ΦKcΦ∗

Kc corresponding to the ef-
fect ofwo,Kc is invertible. Form < n − k, the matrixT is full rank
and the resulting distortion is

Do,1 =
β

1+β

»

1

β
+

1

k
E tr
n

`

Ik +(1+β)Φ∗
KT−1ΦK

´−1
o

–

(5)

where( n−k
k

)Φ∗
KT−1ΦK is a central F matrix.

For n − k < m < n, the matrixT has rankn − k and is not
invertible. The distortion can be determined usingT̃ = Φ∗

KcΦKc

which has the same non-zero eigenvalues asT , and ann−k×n−m
random matrixG whose i.i.d. elements have the same distribution
as the elements ofΦ. The resulting distortion is

Do,2 =
β

1+β

»

1

β
+

1

k
E tr



“

Im−n +(1+β)G∗T̃−1G
”−1
ff–

(6)

where( m
m−n

)G∗T̃−1G is a central F matrix. Finally, form ≥ n,
the matrixΦ is invertible and the distortion is simply1/(1 + β).

The next step involves evaluating the expectations in (4), (5),
and (6). We begin with the following transform from [10].

Definition 1. Let W be a nonnegative definite random matrix. Its
η-transform forγ ≥ 0 is

ηW (γ) =

Z ∞

0

1

1 + γx
fW (x)dx (7)

wherefW (x) is the marginal density distribution of an unordered
eigenvalue ofW .

For ann × n Hermitian random matrixW , theη-transform is
exactly the function we need, that is

ηW (β) =
1

n
E tr{(I + βW )−1}. (8)

Accordingly, all that remains is to determine the marginal distribu-
tion of the unordered eigenvalues of the random matrices in (4), (5),
and (6). This can be achieved by considering the asymptotic limits as
n, k, m → ∞ with k/n → Ω andm/n → ρ. In this setting, it has
been shown that for both the Wishart [11] and F matrices [12],the
probability distributions converge to non-random continuous func-
tions with closed form expressions. Lemma 1 gives theη-transform
for a Wishart matrix [10]. Lemma 2 gives theη-transform for an F
matrix which we have calculated using the pdf derived in [12].

Lemma 1. Let H ∈ Cm×k have zero mean i.i.d. entries with vari-
ance one. Ifk/m → r as k, m → ∞, then the central Wishart
matrix ( 1

m
)H∗H has

ηWS(β, r) = 1 −
F1(β, r)

4βr
(9)

with

F1(x, r) =

„

q

x(1 +
√

r)2 + 1 −
q

x(1 −
√

r)2 + 1

«2

.

Lemma 2. Let H ∈ Cm×k and M ∈ Cm×p (m < p) have zero
mean i.i.d. Gaussian entries with unit variance. Ifm/k → r1 and
m/p → r2 ∈ (0, 1) as k, m, p → ∞, then the central F matrix
( 1

k
)H∗(( 1

p
)MM∗)−1H has

ηFM(β, r1, r2) =
1

1 − r2
+

„

β

β − r2/r1

«

F2(β)

+

„

r2/r1

r2/r1 − β

«

F2(r2/r1) (10)

with

a =

„

1−
√

1−(1−r1)(1−r2)

1−r2

«2

b =

„

1+
√

1−(1−r1)(1−r2)

1−r2

«2

F2(x) =
1 − r1

2
−

1

1 − r2
+

1 − r2

2x
(
p

(1 + ax)(1 + bx) − 1)

Using Lemmas 1 and 2 we can specify the asymptotic distortion
for each type of noise.

Theorem 1. The asymptotic distortion of the optimal linear estima-
tor of a signalx with sparsityΩ = k/n and sampling rateρ = m/n
is given by

Ds = ηWS

“

ρβ,
ρ

Ω

”

(11)

Do =

8

>

<

>

:

Do,1 ρ ≤ 1 − Ω

Do,2 1 − Ω < ρ ≤ 1

1/(1 + β) 1 < ρ

(12)

Do,1 =
β

1 + β

»

1

β
+ ηFM

„

Ω

1 − Ω
(β + 1),

ρ

Ω
,

ρ

1 − Ω

«–

Do,2 =
β

1 + β

»

1

β
+

1 − ρ

Ω
ηFM

„

1 − ρ

ρ
(β + 1),

1 − Ω

1 − ρ
,
1 − Ω

ρ

«–

depending on whether the error, with SNR =β, is due to sampling
or observation noise.

The distortions in Theorem 1 are shown in Figure 1. Figure 1(a)
showslog10 D as a function ofρ for variousΩ, Figure 1(b) shows
log10 D as a function ofρ for variousβ, and Figure 1(c) shows
log10 D as a function ofΩ for various scalings ofρ(Ω).

The results shown in Figure 1 are in line with our intuition. For
ρ < 1 the noise due to observation noise is correlated and is less
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Fig. 1. The distortion,log10 D, achieved by the optimal linear estimator under sampling noise (solid) and observation noise (dashed).

detrimental to recovery. On the other hand, forρ > 1, Do remains
constant whereasDs → 0 asρ → ∞. Figure 1(b) shows that these
results are consistent for a range of SNR. We remark that in all cases,
the differences between the types of noise becomes very small asΩ
becomes small. This occurs becauseηFM(β) → ηWM(β), as the ratio
r2 of theF -Matrix goes to zero.

3. RECOVERY OF XK WHEN K IS UNKNOWN

While Section 2 provides insight into what information can be learned
from noisy random projections, applications in sensor networks re-
quire a practical strategy for recoveringx without any knowledge of
K. A great deal of research in this setting has demonstrated practical
algorithms whose performance is comparable (by various constants
and logarithmic factors) to what can be achieved whenK is known
[4, 5, 6, 7].

Remarkably, most of the results hold for arbitraryxK . To allow
our exposition to be consistent with other sections in this paper we
considerx to be bounded in magnitude, that isxK is any signal such
that ||x||2 ≤ kσ2

x. Ultimately, removing this assumption does not
change the nature of our results. Furthermore, for the sake of sim-
plicity, we will considerx, wo, ws, andΦ to be real valued although
this too is not a necessary restriction.

Many interesting results hold for scalings in whichk is sub-
linear inn, that isk/n → 0 ask, n → ∞. In this setting, the authors
of [4] and [5] specifically address the reconstruction i.i.d. Gaussian
sampling error. In [5], Corollary 2 states that the error bounds for
the given algorithm differ under the presence of observation noise.

However, in this paper we focus on linear scalings in which
k/n → Ω ∈ (0, 1) ask, n → ∞, and we analyze theℓ1 constrained
linear inverse reconstruction method known as Basis Pursuit [6, 7].
We will use the results from Theorem 1 of [6], which show the re-
construction error may be bounded even whenm < n. The theorem
is formulated in terms of therestricted isometry constant(defined
below) and presented in a slightly altered version in Lemma 3of this
paper.

Definition 2. Given ann × m matrix A, thek restricted isometry
constantδk is the smallest quantity such that the all the eigenvalues
of thek × k matrix A∗

KAK are in the interval(1 − δk, 1 + δk) for
all possible subsetsK with |K| ≤ k.

Lemma 3. Let y = Ax + w wherex ∈ Rn is k-sparse andA ∈
Rm×n with unit normed rows. If there existss > k such thats−k >
sδk+s + kδs, then the solution̂x to theℓ1 constrained linear inverse

min ||x||1 s.t. ||Φx − y||22 ≤ ||w||2 (13)

obeys
1

n
||x̂ − x||2 ≤ C(k, n, m)

1

m
||w||2 (14)

with

C(k, n, m) = inf
s>k

2
p

1 + k/s
p

1 − δk+s −
p

k/s
√

1 + δs

(15)

Although Lemma 3 actually holds for errorw that is bounded
in magnitude, we will instead assume that bothwo andws are zero
mean i.i.d. Gaussians with variancesσ2

w. Because of concentration
inequalities forχ2 variables, the probability that either||wo||2 or
||ws||2 is greater than its mean plus a standard deviation is very small
asm,n → ∞. Also, we remark that the functionC(n, k, m) in
Lemma 3 has not been completely optimized.

To use the bound in Lemma 3, we must consider how the re-
stricted isometry constant behaves as a function of the sampling ma-
trix. For random matrices with i.i.d. elements, very strongresults
have been attained as the dimensions become large. The asymp-
totic restricted isometry constant of a random Gaussian matrix is
described in Lemma 3.1 of [13] and reiterated below in Lemma 4of
this paper. Note that in the asymptotic setting,C becomes a function
of justΩ andρ.

Lemma 4. LetA ∈ Rm×n have zero mean i.i.d. Gaussian elements
with variance1/m. Asn, k, m → ∞ with k/n → Ω andm/n →
ρ, then with very high probability,

δΩ < [1 + f(Ω, ρ)]2 − 1 (16)

with

f(Ω, ρ) =
p

1/ρ
“√

Ω +
p

2H(Ω)
”

(17)

whereH(x) = −x ln(x) − (1 − x) ln(1 − x).

With these results in hand, we can begin to analyze an upper
bound on the distortion. We use the fact that||x||2/n is bounded by
(k/n)σ2

x to normalize the expected reconstruction error as

D =
1

kσ2
x

E
ˆ

||x̂ − x||2
˜

(18)

where the expectation is taken overw andΦ. As the dimensions be-
come large,||ws||2, ||Φwo||2 → mσ2, and Lemmas 3 and 4 say that
with very high probability, under the influence of sampling noise,
the distortion is upper bounded byBs which is given as

D ≤ Bs = min{1, C(Ω, ρ)
1

βΩ
}. (19)



The functionC(Ω, ρ) → 2 as ρ → ∞ and is finite for all
ρ > C0(Ω)H(Ω), where the factorC0(Ω) depends only onΩ. Fig-
ure 2 showsC(Ω, ρ) as a function ofρ for Ω∗ = 1 × 10−4 on
a logarithmic scale. The bound descends rapidly forρ just a little
larger thanC0(Ω

∗)H(Ω∗) ≈ 0.23 and reaches approximately5.2
for ρ = 1.
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Fig. 2. log10 C(Ω, ρ) as a function ofρ for Ω = 1 × 10−4.

We now address how the bound changes in the presence of ob-
servation noise. BecauseE||Φwo|| = E||ws||, and becauseC(Ω, ρ)
andC0(Ω) do not depend on the noise, we know that the bound will
not increase. To see if it can be lowered we appeal to a geomet-
ric argument. Let the signalz equalxK + woK on the the support
and equalx everywhere else. We note that||wo,K || →

√
k σw and

||ΦKcwo,Kc || →
√

n − k σw. Using (14) we can bound the dis-
tance between̂x andz as

dz = ||x̂o − z|| ≤
p

C(Ω, ρ)
√

n − k σw (20)

where the subscript on̂x indicates that it was estimated based onyo.
Using the triangle inequality, we conclude that

||x̂o − x|| ≤
“√

k +
p

C(Ω, ρ)
√

n − k
”

σw. (21)

Comparing (14) and (21) leads to the following inequality for
the distortion bounds.

Theorem 2. The asymptotic upper bound on the distortion due to
observation noise,Bo, can be related to the asymptotic upper bound
due to sampling noise,Bs, by the following expression

Bo ≤ min{1, g(Ω, C(Ω, ρ))}Bs (22)

where the function

g(Ω, C(Ω, ρ)) =

 s

Ω

C∗(Ω, ρ)
+

√
1 − Ω

!2

(23)

is less than one for

C(Ω, ρ) >
Ω

(1 −
√

1 − Ω)2
. (24)

3.1. Heuristic Interpretation of the Results

The functionsC(Ω, ρ) andC0(Ω) from Lemmas 3 and 4 are loose
upper bounds which correspond to a broader class of noise signals
than we address in this paper. As a consequence, the given bounds
may indicate the behavior of the true limits on the distortion, but are
likely overly pessimistic. For instance,C0(Ω)H(Ω) is less than one
only for very small values ofΩ (less than5 × 10−4) even though
simulations under non-adversarial stochastic noise have shown sta-
ble recovery to occur at much high sparsity levels [6, 13].

Motivated by the results of Section 2, we expect the differences
between sampling and observation error to diminish for verysmall

Ω. To proceed with our analysis over a broader range of parameters,
we introduce the functionC∗(Ω, ρ) which corresponds to the true
average case distortion of the recovery algorithm used in Lemma 3.
Based on the behavior ofC(β, Ω), we make the assumptions that
C∗(Ω, ρ) is large (approximatelyβΩ) for all ρ less than some criti-
cal sampling rateC∗

0 (Ω)H(Ω) and that it descends rapidly to some
reasonable value asρ is increased beyond the sampling threshold.

Figure 3 shows the functiong from Theorem 2 as a function of
Ω for various fixed values ofC∗. The figure shows that for small
Ω andC∗, Theorem 2 does not establish a difference between the
distortions. However, ifC∗ is large relative toΩ, then distortion
under observation noise will be significantly lower than distortion
under sampling noise.
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Fig. 3. The factorg(Ω, C∗) as a function ofΩ for fixedC∗.

Finally, we remark that given the assumptions, the results shown
in Figure 3 are still conservative because the bound corresponds to
the worst case scenario for the observation noise. In the ideal case
where the reconstruction error is mostly orthogonal towo,K we have

Do

Ds

≈
Ω

C∗(Ω, ρ)
+ 1 − Ω (25)

which is less than one for allC∗(Ω, ρ) > 1. The performance of
this idealized situation mirrors what was shown in Section 2for the
optimal linear estimator.

3.2. Numerical Simulations

In this section we present some numerical simulations to show the
difference in reconstruction between sampling and observation noise.
Usingℓ1−Magic [14], we implemented theℓ1 constrained linear in-
verses shown in (13). Appealing to concentration inequalities forχ2

variables, an upper bound on the magnitude of||w||2 was chosen to
beσ2

w(m+2
√

2m) and(1−Ω)σ2
w(m+2

√
2m) for sampling noise

and observation noise respectively.
We measured the distortion over the range of sparsity levelsΩ ∈

[0.05, 0.25] where the sampling rate varied asρ(Ω) = 1.77H(Ω)
and the SNR was fixed atβ = 1000. In the simulationsn = 500
and100 runs were performed for each data point.

Figure 4(a) shows the unnormalized (with respect toΩ) distor-
tionΩD = 1

nβ
||x̂−x||2. Also shown, is the baseline1/β which cor-

responds to the error of the estimatex̂ = x+wo. Figure 4(b) shows
the ratioDo/Ds.The simulations show that for the chosen scaling
of ρ, the distortion due to observation is less than the distortion due
to sampling error of the same magnitude, and that the relative dif-
ference increases withΩ. Furthermore, for the range ofΩ shown,
it appears that the ratio between the distortions scales roughly like
1 − Ω plus some constant, which is consistent with the heuristic ra-
tio (25) in the event thatC∗(Ω, constH(Ω)) scales roughly likeΩ.
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4. RECOVERY OF K WITH ℓ∞ BOUNDED OBSERVATION
NOISE

In tasks such as subset selection for regression and structure esti-
mation in graphical models, the primary quantity of interest is the
support [3]. In this section, we consider recovery ofK under un-
der the influence of non-stochasticℓ∞ bounded observation noise.
We assume that each element ofwo is bounded in magnitude, that
is ||wo||∞ < b, and thatmini∈K |xi| ≥ 1. This models the general
situation wherex contains a few very large components whose loca-
tions we would like to recover. The distortion metric is the probabil-
ity of error Pe(K̂ 6= K) where the probability is taken overΦ and
K. We analyze recovery in the absence of sampling noise (ws = 0).

This noise model is interesting because for anyb < 1/2, perfect
support recovery is possible form ≥ n samples regardless ofK.
In this case,K can be determined by thresholding each element of
Φ−1y = x+wo. At the same time, asb → 0, results from noiseless
compressed sensing [7] show that it is possible to determinex, and
accordinglyK, with very high precision form ≪ n provided that
m > 2k. Form < n however, the question remains, how must (b,
n, k, m) scale to guarantee a givenPe? A sufficient condition is
given by the following theorem.

Theorem 3. Let C′
0(·) and C′(·, ·) be the well behaved functions

defined in Theorem 2 of [6], and let

m(ǫ, s) = (1 + ǫ)C′
0(s/n)H(s/n). (26)

For all s ≥ k, reconstruction withPe < O(n−ǫ) can be achieved
with m = m(ǫ, s) samples provided thatb = ||wo||∞ obeys

b <
1

2

„

1 + C′(k/n, m/n)
(n − s)√

s

«−1

. (27)

Basically, this theorem asserts thatb must decrease like1/
√

n to
allow perfect recovery ofK, a much more stringent condition than in
the stochastic case. Although the noise is bounded in theℓ∞ norm,
its magnitude can grow like

√
nb, andmax||v||∞≤b ||Φv||2 grows

roughly liken b2λmax whereλmax is the largest eigenvalue ofΦ.

Proof of Theorem 3 .We definezS to be the best|S|-term approx-
imation ofx + wo, i.e. zS = (x + wo)S , where|S| = s. By the
restrictions onwo andx, K ⊂ S for anys ≥ k. The proof follows
from Theorem 2 in [6] which guarantees that

||x̂ − (x + wo)|| ≤ C′(k/n, m/n)||x − zS||1/
√

s (28)

for a well behaved functionC′(·, ·). The ℓ1 norm the on the right
hand side can be bounded as||x − zS || ≤ (n − s)b.

Thresholdingx̂ will yield the correct support provided that the
error on any given element is small enough, that is

||x̂ − (x + wo)|| < 1/2 − b. (29)

Applying this requirement to (28) provides the necessary scaling on
b.
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