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ABSTRACT tempting to argue that noise added to the signal prior to agp

) ) ) can be “pushed through” the sampling process and equiVgleat
The field of Compressed Sensing has shown that a relativeiyl Sm .,nsidered as noise added after the sampling process sipapér,
number of random projections provide sufficient informatio ac- e show that such a consideration is inappropriate.

curately reconstruct sparse signals. Inspired by apitcatn sen-
sor networks in which each sensor is likely to observe a negsy
sion of a sparse signal and subsequently add sampling aroargh
computation and communication, we investigate how theodisn
differs depending on whether noise is introduced beforepfiam
(observation error) or after sampling (sampling error). &kalyze
the optimal linear estimator (for known support) and fancon-
strained linear inverse (for unknown support). In both sasd-
servation noise is shown to be less detrimental than sagpbise
and low sampling rates. We also provide sampling bounds iona
stochastid~, bounded noise model.

In Section 2, we determine the distortion of the optimal dine
estimator when the suppoK is known and all non-zero signals
have i.i.d. elements. In this setting, the effects of obetm noise
are correlatedand exist in thesame subspacasz. Form < n
samples, we verify that the correlation renders obsematiise less
detrimental than sampling noise. However,for> n, the distortion
due to sampling error continues to decrease whereas tletitint
due to observation error is necessarily constant.

In many interesting situations, such as sensor networkssup-
port K is not known a priori. In Section 3, we analyze the recon-
struction performance of afy constrained linear inverse, termed

Index Terms— compressed sensing, random matrices, sparsityBasis Pursuit, under this setting. We present upper boundhe
sensor networkg,; -minimization, distortion for both the observation and the sampling noiseleh
These bounds suggest that observation noise is less detaintiean
sampling noise, which is confirmed to some degree by nunierica
simulations.

We address the problem of support recovery in Section 4 #or th
situation where the each element of the observation nolsausded
in magnitude and give a set of necessary scalings which ppamni
fect recovery.

1. INTRODUCTION

Recently, researchers have shown that accurate recaistrathigh
dimensional signals is possible from a relatively small bemof
random projections. Initial work in this area [1, 2], termeam-
pressed sensinghowed that if a signat € R" is k-sparse (i.e.
is non-zero only on a se&k with |K| = k) then it can be recov- .
ered perfectly usingn < n noiseless linear samples of the form 1.1. Sampling Model
yi = {(¢s,x) fori = 1,--- ,m, whereg; are random vectors uni-
formly distributed on thes{ — 1) dimensional unit sphere. These
results are possible with. = O(nlog(n/k)) and no prior informa-
tion on the location of the suppoK. y=P(z + wo) + ws (2)
Ensuing work has addressed how things change when each sam-
ple is corrupted by some small noise. For the task of supgert r wherew, is some observation error applied directly to the signal
covery, [3] shows thatr must be super-linear in eitheror k. For ~ «, andw, is some sampling error. The entries of thex n sam-
signal recovery, [4, 5] show that near optimal signal retroigsion is ~~ Pling matrix @ are i.i.d. circularly symmetric complex Gaussians
possible withn = O(k log(n)), and [6, 7] show that more general With zero mean and variantd /n. The supportk is uniformly
scalings admit reconstructions that are stable ir¢gheorm, thatis  distributed over thg}) possibilities. For a vector or matrix the
their reconstruction error is within a factor of the noisegmizude. notationAg refers to the part oft supported ork’, and and the no-
for use in sensor networks. In [8, 9] the authors describepsen  the two kinds of noise separately by comparing two simplifiect
whichn sensors sample some compressible phenomefiaen,m  Sions of (1), one with only sampling noise, denotedand one with
random projections of are computed over the network and com- Only observation noise, denotgg.
municated to a receiver such that each sample picks up somlé sm
sampling noisev;, i = 1, - m. 2. OPTIMAL LINEAR ESTIMATOR OF Xy GIVEN K
We investigate how things differ in the presence of what wke ca
observation noise, that is small noise components addéwtpite-  |n this section, we study the problem of recovering when K is
nomenaz; prior to being observed at each of thesensors. Itis known. This is interesting whek can be accurately determined

In the most general sampling model considered in this papk,
sparse signat € C" is observed via
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or when K is known a priori but there is no control over how the Accordingly, all that remains is to determine the marginatrébu-
samples are taken. Additionally, the analysis of this chesvs the  tion of the unordered eigenvalues of the random matrices)in(§),
fundamental differences between the types of noise reggsdif un-  and (6). This can be achieved by considering the asymptotitslas
certainty in the support. n, k,m — oo with k/n — Q andm/n — p. In this setting, it has
We consider signals: x, ws, andw, to have i.i.d. elements been shown that for both the Wishart [11] and F matrices [tt#,
with variancess2 ando? respectively. Because we chose our sam-probability distributions converge to non-random continsi func-
pling matrix to have unit normed rows (in expectation) eagms tions with closed form expressions. Lemma 1 givesrtieansform
pling model has the same per-sample signal to noise ratid®RfSN for a Wishart matrix [10]. Lemma 2 gives thetransform for an F

denoted by3 = o2 /2. matrix which we have calculated using the pdf derived in [12]
Conditioned onk’, the normalized distortion for the linear least mxk . . . .
squares estimator is given by Lemmal. LetH € C have zero mean i.i.d. entries Wlth vari-
ance one. Ifk/m — r ask,m — oo, then the central Wishart
¢ 1 *
D= min LEHIEK — Myl? (2)  matrix(;;)H"H has
MecCkxm ko2 Fu(8,17)
—1_ 0BT
= L Bw{K, — K., K;'K,.) @®) ) = 1= = 5 ©

ko2
i ) with
whereK,, K.,, and K, are the covariance matrices ok andy. 2
The expectation in (3) is taken over the sampling madrix Fi(z,r) = <\/:1:(1 +/r)2+1— \/x(l — )2+ 1) .
The first step toward calculating the distortion is to re¢asin
terms of a single random matrix. It is straightforward towttbat
the distortion due to sampling noise can be written as

Lemma 2. LetH € C™** and M € C™*? (m < p) have zero
mean i.i.d. Gaussian entries with unit variancenifk — r, and

1 1 m/p — r2 € (0,1) ask,m,p — oo, then the central F matrix
.- 1p tr{(zk + 500 } (4)  (DH(H)MM)H has
) ' . 1 B

where(2)®} @ is a central Wishart matrix. nem(B,71,72) = T+ B ralr F(8)

For observation noise, on the other hand, we must considetheh ? 2/
or not the covariance matrik = ® - ®j. corresponding to the ef- + ( r2/T1 ) Fa(ra/r1)  (10)
fect of w,, i is invertible. Form < n — k, the matrixT" is full rank rofr1 —
and the resulting distortion is .

with
D, = B l—&-lEtl’{(I +(1+ﬂ)‘1>* T3 )—1} ) [ 1—y/1-(—r)(1—72) 2 b= 144/1—(1—7r1)(1—72) 2
oﬁl——l_’_ﬂﬁ % k K K a = I =|\——
—k % —1 - . 1—rl 1 1—172

where(272) &5 T~ & is a central F matrix. B@)=—5— 7+ 5 (V1 +az)(l+bz) - 1)

Forn — k < m < n, the matrixT" has ranke — k and is not 2
invertible. The distortion can be determined usiig= ®% Pk« Using Lemmas 1 and 2 we can specify the asymptotic distortion

which has the same non-zero eigenvalueg gand am —kxn—m for each type of noise.
random matrixG whose i.i.d. elements have the same distribution

as the elements @. The resulting distortion is Theorem 1. The .asympto.tic distortion of the op.timal linear estima-

tor of a signalz with sparsityQ2? = k/n and sampling rate = m/n

- -1 is given b
Do = % {% + %Etr{([m,n + (145G T6) H © oV ,
D = s (p8. 5) (1)
Where(ﬁ)G*T”G is a central F matrix. Finally, fom > n, Do 1 p<1-Q
the matrix® is invertible and the distortion is simply/(1 + ). Dy =14 D, 1-Q<p<1 (12)
The next step involves evaluating the expectations in @), ( 1/(’1 18 1< -

and (6). We begin with the following transform from [10]. P

B |1 Q p P
Definition 1. Let W be a nonnegative definite random matrix. Its Doy = 1+5 |8 + 7Fm m(ﬂ +1), Q1-0

n-transform fory > 0 is

_ B {1 1—p (1—/) 1-Q 1—9)}
= Do’2 - 2+ TIFm (ﬂ+ 1)7 5T T
UW('V):/O 1—|—1”yxfw(x)dx (7 1+8 |8 Q p 1—0p P

depending on whether the error, with SNR3zis due to sampling
where fi (x) is the marginal density distribution of an unordered or observation noise.

eigenvalue ofV. . . . - .
The distortions in Theorem 1 are shown in Figure 1. Figurg 1(a

For ann x n Hermitian random matrix¥’, then-transform is ~ showslog,, D as a function o for various(2, Figure 1(b) shows

exactly the function we need, that is log,, D as a function ofp for various 3, and Figure 1(c) shows
log,, D as a function of? for various scalings of(£2).
1 -1 The results shown in Figure 1 are in line with our intuitioror F
=—FEtw{({ w . 8 - . o .
nw (8) n {+sw)—} ® p < 1 the noise due to observation noise is correlated and is less
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Fig. 1. The distortion]og,, D, achieved by the optimal linear estimator under samplirigensolid) and observation noise (dashed).

detrimental to recovery. On the other hand, for> 1, D, remains  obeys

constant whereaB, — 0 asp — oo. Figure 1(b) shows that these 1, 2 1 2
results are consistent for a range of SNR. We remark that aasés, Z”x —al” < Clk,n, m)E”wH 14
the differences between the types of noise becomes very asfal with
becomes small. This occurs becayse(8) — nwwm(8), as the ratio 0 /TR
ro Of the F-Matrix goes to zero. C(k,n,m) = inf s (15)
s>k (/1 — 5k+s — \/k/S\/l + 05
3. RECOVERY OF Xx WHEN K IS UNKNOWN Although Lemma 3 actually holds for erras that is bounded

. . . L . . in magnitude, we will instead assume that bathandw; are zero
While Section 2 provides insight into what information canéamed mean'ii.d. Gaussians with varianaed. Because of concentration

from noisy random projections, applications in sensor pet&/re-  jnequalities fory> variables, the probability that eithefw,||* or
quire a practical strategy for recoverimguithout any knowledge of |, 12 js greater than its mean plus a standard deviation is verlf sma
K. A_greatdeal of research |nth|_s setting has demonst_rauzdlpal asm,n — oco. Also, we remark that the functiof(n, k, m) in
algorithms whose performance is comparable (by varioustaots | s;yma 3 has not been completely optimized.

and logarithmic factors) to what can be achieved whers known To use the bound in Lemma 3. we must consider how the re-

[4.5,6, 7] . stricted isometry constant behaves as a function of the lsagnpa-
Remarkably, most of the results hold for arbitrary. Toallow iy For random matrices with i.i.d. elements, very straaguits

our exposition to be consistent with other sections in thisep We 46 peen attained as the dimensions become large. The -asymp

considerz to be bounded in magnitude, thatig is any signal such  4ic restricted isometry constant of a random Gaussiamixniat

that[|z||* < ko?. Ultimately, removing this assumption does not gescribed in Lemma 3.1 of [13] and reiterated below in Lemnoé 4

change the nature of our results. Furthermore, for the sB&8® ;5 paper. Note that in the asymptotic settiahecomes a function
plicity, we will considerz, w,, w,, and® to be real valued although of justQ andp.

this too is not a necessary restriction.
Many interesting results hold for scalings in whighis sub- Lemma4. LetA € R™*™ have zero mean i.i.d. Gaussian elements
linearinn, thatisk/n — 0ask,n — oo. Inthis setting, the authors  with variancel/m. Asn, k,m — oo withk/n — Q andm/n —
of [4] and [5] specifically address the reconstruction i.i@hussian  p, then with very high probability,
sampling error. In [5], Corollary 2 states that the error rtotsi for 2
the given algorithm differ under the presence of observatinise. da <[1+ /(2 p)] ! (16)
However, in this paper we focus on linear scalings in whichwith

k/n — Q € (0,1) ask,n — oo, and we analyze thé& constrained Q.0 = +/1/s (\/§+ /S (D) ) 17
linear inverse reconstruction method known as Basis PLiGUT]. (@ p) /p @) ()
We will use the results from Theorem 1 of [6], which show the re whereH (z) = —zIn(z) — (1 — z) In(1 — ).

construction error may be bounded even wher: n. The theorem

is formulated in terms of theestricted isometry constarftiefined With these results in hand, we can begin to analyze an upper
below) and presented in a slightly altered version in LemroftBis ~ bound on the distortion. We use the fact tfjat|* /n is bounded by
paper. (k/n)o? to normalize the expected reconstruction error as
Definition 2. Given ann x m matrix A, the k restricted isometry D 1 Eflé - xm (18)
constantyy, is the smallest quantity such that the all the eigenvalues ko2

of thek x k matrix A} Ax are in the interval(1 — 6, 1 + dx) for L . .

all possif)le subsetK}\ivitrlf|K| <k ( k14 3) where the expectation is taken overand®. As the dimensions be-

come large||ws||?, ||®w,||?> — mo?, and Lemmas 3 and 4 say that
Lemma 3. Lety = Az + w wherez € R” is k-sparse andd € with very high probability, under the influence of samplingise,
R™>™ with unit normed rows. If there exists> k such thats—k > the distortion is upper bounded @ which is given as
s0k+s + kds, then the solutior: to the/; constrained linear inverse 1
. < Bs = min{l, ,p)— }.
min|fz]ly st |02 — yll3 < [ (13) D'< B =min{l, O p) 55 } (19)



The functionC (2, p) — 2 asp — oo and is finite for all
p > Co(Q)H (), where the facto€,(2) depends only of. Fig-
ure 2 showsC(f, p) as a function ofp for Q* = 1 x 10™* on
a logarithmic scale. The bound descends rapidlygfqust a little
larger thanCo (Q*)H(Q") ~ 0.23 and reaches approximately2
forp=1.

log, ,C(Q.p)

06 07 08 09
P

Fig. 2. log,, C(9, p) as a function op for @ = 1 x 10™*.
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We now address how the bound changes in the presence of o
servation noise. Becau$gl|®w,|| = E||ws||, and becaus€'(£2, p)
andCy (£2) do not depend on the noise, we know that the bound will

not increase. To see if it can be lowered we appeal to a geomet-

ric argument. Let the signal equalzx + w, i 0On the the support
and equak: everywhere else. We note thaw, x|| — vk o, and
[|®Prewo ke|| = V/n —kow. Using (14) we can bound the dis-
tance betweert andz as

d. = || — 2I| < /OB p)Vr = Eow

where the subscript ahindicates that it was estimated based,on
Using the triangle inequality, we conclude that

20 - ol < (VE +VC@ V=) 7u

Comparing (14) and (21) leads to the following inequality fo
the distortion bounds.

(20)
(21)

Theorem 2. The asymptotic upper bound on the distortion due to
observation noiseB3,, can be related to the asymptotic upper bound
due to sampling nois&3;, by the following expression

B, < min{1, (2, C(R, p))} B (22)

where the function

§(2.0(0,p) = ( o

ot Vi Q) (23)

is less than one for

eI —

T Viop e

3.1. Heuristic Interpretation of the Results

The functionsC(£2, p) andCo(2) from Lemmas 3 and 4 are loose
upper bounds which correspond to a broader class of noisalsig
than we address in this paper. As a consequence, the giver$ou
may indicate the behavior of the true limits on the distartiout are
likely overly pessimistic. For instanc€) (Q2) H (Q?) is less than one
only for very small values of2 (less thart x 10~*) even though
simulations under non-adversarial stochastic noise havers sta-
ble recovery to occur at much high sparsity levels [6, 13].
Motivated by the results of Section 2, we expect the diffeesn
between sampling and observation error to diminish for eenall

Q. To proceed with our analysis over a broader range of pamas)et
we introduce the functiol€* (2, p) which corresponds to the true
average case distortion of the recovery algorithm used mrha 3.
Based on the behavior @f(3,2), we make the assumptions that
C* (9, p) is large (approximately3?) for all p less than some criti-
cal sampling rate’s () H(£2) and that it descends rapidly to some
reasonable value asis increased beyond the sampling threshold.

Figure 3 shows the functiog from Theorem 2 as a function of
Q for various fixed values of®*. The figure shows that for small
Q andC™, Theorem 2 does not establish a difference between the
distortions. However, ifC* is large relative ta?, then distortion
under observation noise will be significantly lower thantaligon
under sampling noise.

b- H—c'=4
---Cc'=8
fl--c=16
- c"=100

0.2

0
0

0.4 0.6 0.8
Q

Fig. 3. The factorg(£2, C™*) as a function of2 for fixed C*.

Finally, we remark that given the assumptions, the reshtis/a
in Figure 3 are still conservative because the bound casretgpto
the worst case scenario for the observation noise. In thad mese
where the reconstruction error is mostly orthogonaltox we have

D, Q

~——+1-0
D, ~ T )

(25)

which is less than one for all'”* (2, p) > 1. The performance of
this idealized situation mirrors what was shown in Sectidarzhe
optimal linear estimator.

3.2. Numerical Simulations

In this section we present some numerical simulations twshe
difference in reconstruction between sampling and obgervaoise.
Using/¢; —Magic [14], we implemented thé, constrained linear in-
verses shown in (13). Appealing to concentration inegealfor >
variables, an upper bound on the magnitudgwof|> was chosen to
beo2 (m-+2v2m) and(1 —Q)a (m+2v/2m) for sampling noise
and observation noise respectively.

We measured the distortion over the range of sparsity |évets
[0.05,0.25] where the sampling rate varied a&2) = 1.77H ()
and the SNR was fixed @ = 1000. In the simulations: = 500
and100 runs were performed for each data point.

Figure 4(a) shows the unnormalized (with respec)aistor-
tion 2D = 5 ||&—x||*. Also shown, is the baseliri¢/3 which cor-
responds to the error of the estimate- x + w,. Figure 4(b) shows
the ratioD,/D,.The simulations show that for the chosen scaling
of p, the distortion due to observation is less than the distortiue
to sampling error of the same magnitude, and that the relaliiv
ference increases with. Furthermore, for the range 6f shown,
it appears that the ratio between the distortions scaleghipuike
1 — Q plus some constant, which is consistent with the heuristic r
tio (25) in the event thaC™ (€2, constH (€2)) scales roughly likeé?.
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Fig. 4. Reconstruction errors for sampling and observation noise (1

(a) Comparison of-1 51T — z||* as a function of wherep =
1.77H(Q2); bars show the standard deviation. (b) The ratio of the
distortions shown in (a) compared with— .

(2]

3]
4. RECOVERY OF K WITH /.. BOUNDED OBSERVATION
NOISE
[4]
In tasks such as subset selection for regression and seuesti-
mation in graphical models, the primary quantity of inteligsthe 5]

support [3]. In this section, we consider recoveryrofunder un-
der the influence of non-stochastig, bounded observation noise.
We assume that each elementwef is bounded in magnitude, that
is ||wo||oo < b, and thatmin;c x |z;| > 1. This models the general
situation wherer contains a few very large components whose loca-
tions we would like to recover. The distortion metric is thielpabil-

ity of error Pe(f( # K) where the probability is taken ovér and 7l
K. We analyze recovery in the absence of sampling neise< 0).
This noise model is interesting because for &ry 1/2, perfect (8]

support recovery is possible for > n samples regardless @f.
In this case, K can be determined by thresholding each element of
&~y = z +w,. At the same time, as— 0, results from noiseless

compressed sensing [7] show that it is possible to determiaad 9]
accordingly K, with very high precision forn < n provided that

m > 2k. Form < n however, the question remains, how must (

n, k, m) scale to guarantee a givéR? A sufficient condition is [10]

given by the following theorem.

Theorem 3. Let C;(-) and C’(-,-) be the well behaved functions [11]
defined in Theorem 2 of [6], and let

(1+6)Cy(s/n)H 2

m(e, s) =

(s/n).

For all s > k, reconstruction withP. < O(n~°) can be achieved
withm = m(e, s) samples provided thdt= ||w, || Obeys

n\;gs))ll

(26)
(13]

(14]

b< % <1—|—C'(k/n,m/n)( (27)

for a well behaved functio” (-,
hand side can be bounded|as — z5|| < (n — s)b.

Thresholdingz will yield the correct support provided that the
error on any given element is small enough, that is

Applying this requirement to (28) provides the necessaayirsg on
b.

Basically, this theorem asserts thahust decrease like//n to
allow perfect recovery oK', a much more stringent condition than in
the stochastic case. Although the noise is bounded i thaorm,
its magnitude can grow likg/nb, andmax;,) .. <p ||®v||> grows
roughly liken b Amax WhereAmax is the largest eigenvalue df.

Proof of Theorem 3 We definezs to be the bestS|-term approx-
imation of z 4+ w,, i.e. zs = (x + wo)s, Where|S| = s. By the
restrictions onw, andz, K C S for anys > k. The proof follows
from Theorem 2 in [6] which guarantees that

& = (2 +wo)l| < C'(k/n,m/n)l|lz — zsll1/vs  (28)

-). The ¢, norm the on the right

|3 — (z 4+ wo)|| < 1/2 —b. (29)

O
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