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Abstract

The utility of limited feedback for coding over an individual sequence of DMCs is investigated. This

study complements recent results showing how limited or noisy feedback can boost the reliability of

communication. A strategy with fixed input distributionP is given that asymptotically achieves rates

arbitrarily close to the mutual information induced byP and the state-averaged channel. When the

capacity achieving input distribution is the same over all channel states, this achieves rates at least as

large as the capacity of the state averaged channel, sometimes called the empirical capacity.

I. INTRODUCTION

Feedback plays a significant role in the design of most practical communication systems and has also

inspired many results in the information theory literature. Information-theoretic results on feedback can

be grouped into two categories: the effect of feedback on thecapacity or reliability of communication and

the use of feedback to overcome uncertainty about the channel model. In most practical communication

systems, physical constraints limit the amount of feedbackone can send, and therefore theamount of
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feedbackrequired is a key concern. Thus, an understanding of how limited feedback affects the above

settings provides insights into the design of practical systems.

W (yi|xi, zi)
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Fig. 1. Model setup with limited feedback.

Most studies about feedback for rate and reliability have centered around full output feedback [2]–[9];

however, recent work has started to improve our understanding of how limited feedback affects these

performance measures. Noisy feedback increases reliability [10], [11] and the rate of some multiuser

Gaussian channels [12], [13]. Furthermore, limited feedback can be used to improve reliability [14].

In contrast, channel uncertainty problems have focused almost exclusively on the case of full output

feedback. Tchamkerten and Teletar explored one such model in which they show how to recover both

the rate and reliability for an unknown discrete memorylesschannel with feedback [15]. Shayevitz and

Feder consider a more ambitious model, in which bits are sentacross a modulo additive channel with

a noise sequence that is fixed in advance but otherwise arbitrary. They present a strategy that uses full

output feedback and limited common randomness to recover the empirical capacity, which they define

as the capacity of an i.i.d. channel with transition probabilities corresponding to the empirical statistics

of the noise sequence [16].

One attempt to understand the impact of limited feedback in overcoming channel uncertainty at the

encoder is through rateless codes, which are a class of coding strategies that use limited feedback to adapt

to unknown channel parameters. In a rateless code the decoder can use a low-rate feedback link to inform

the encoder of when it has decoded. These codes were first studied in the context of the erasure channel

[17], [18]. Later work focused on compound channels [15], [19], [20]. Draper et al. [21] investigated a

model based on AVCs that is similar in spirit to the model considered by Shayevitz and Feder. However,

the Draper et al. model assumes that full channel state information is available at the decoder, which

does not capture the full extent of channel uncertainty studied by Shayevitz and Feder. Table I shows

the relationship of the present work to the work of others.

In this paper, we show how we to achieve the empirical capacity for a model similar to Shayevitz and

Feder’s but using a limited feedback strategy. To do this, weadapt the feedback-reducing block/chunk

strategies used earlier in the context of reliability functions [9], [10], and most specifically in [14]. They
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channel model feedback state information

Shulman [19] compound full none

Tchamkerten and Teletar [15] compound full none

Draper, Frey, and Kschischang [21] AVC 0-rate at decoder

Shayevitz and Feder [16] individual sequence full none

This paper individual sequence 0-rate none

TABLE I

RELATED RESULTS IN TERMS OF CHANNEL MODEL, FEEDBACK ASSUMPTIONS AND STATE INFORMATION ASSUMPTIONS.

are in turn inspired by Hybrid ARQ [22]. The flavor of our algorithm is different – in our scheme the

decoder uses the feedback link to terminate rounds that are too noisy but otherwise attempts to correct

the error in less noisy rounds. By doing away with the output feedback, we lose some of the simplicity of

the scheme in [16], but we show that a similar performance canstill be obtained with almost negligible

feedback.

In our scheme, the encoder attempts to sendk bits over the channel during a variable lengthround. The

encoder sendschunksof the codeword to the decoder, after which the decoder feedsback a decision as

to whether it can decode. The encoder and decoder use common randomness to choose a set of randomly

chosentraining positions during which the encoder sends a fixed message. Thedecoder uses the training

positions to estimate the channel. If the number of bits thancan be transmitted over a channel with

the estimatedempirical mutual informationexceedsk, then the decoder attempts to decode. Through

this combination of training-based channel estimation androbust decoding we can exploit the limited

feedback to achieve rates asymptotically equal to those with advance knowledge of the average channel.

In the next section, we motivate the study of this problem with some concrete examples. In Section III,

we define the channel model, state our main result, and describe the coding strategy. Section IV contains

the analysis of our strategy with most of the technical details reserved for the Appendix.

II. M OTIVATING EXAMPLES

Before introducing notation and stating our main result, weprovide some examples to motivate the

present study. We will revisit these examples in Section IIIafter stating our main result.
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A. Binary modulo-additive channels

The simplest example of a channel with individual noise sequences is the binary modulo-additive

channel. This channel takes binary inputs and produces binary outputs, where the output is produced

by potentially flipping some bits of the channel input. Theseflips do not depend on the channel input

symbols. The outputy ∈ {0, 1}N can be written as

y = x⊕ z, (1)

wherex ∈ {0, 1}N is the channel input,z ∈ {0, 1}N is the noise sequence, and addition is carred out

modulo-2. z is arbitrary but fixed, and we letp be the empirical fraction of1’s in z, which is arbitrary

but fixed over the[0, 1] interval.

For this setup, we would like to compare the rates achievablewith limited feedback to a binary

symmetric channel with crossover probabilityp among the class of binary symmetric channels. Note that

for this class of channels, the capacity achieving input distribution remains the same regardless of the

value of the underlying parameter.

B. Spectrum sharing channel

Consider the following model of a wireless channel with additive interference:

yi = xi + Z̃i +Wi . (2)

We assume binary modulation, with inputxi ∈ {−
√
P ,

√
P} and iid noiseWi ∼ N (0, 1). The interfering

signal Z̃i ∼ N (0, σ2
i ) corresponds to interference from multiple systems. Since these systems may use

the channel intermittently and the interference they generate can fluctuate over time, the noise variance

σ2
i can be modeled as an arbitrary but fixed individual sequence.

For the spectrum sharing model just described, we would liketo compare rates achievable with limited

feedback to a corresponding channel among the class of binary input additive white Gaussian noise

channels with noise varianceσ2 + 1, whereσ2 varies over the class. Note that the capacity achieving

input distribution remains fixed over the class.

C. Z-channels with unknown crossover

Consider a channel for whichX = Y = Z = {0, 1}.

y =







x z = 0

1 z = 1 .
(3)
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Again, the state sequencez is arbitrary but fixed, and we letq denote the empirical fraction of1’s in z.

Again for reference, we want to compare the rates achievablewith limited feedback against the

corresponding the Z-channel with crossover probabilityq. Unlike the previous examples, this channel

has a capacity achieving input distribution that depends onq. The optimal choice of input distribution

will depend on other knowledge or design goals. For example,we may have bounds onq a priori and

may wish to minimize the maximum rate loss.

III. T HE CHANNEL MODEL AND CODING STRATEGY

A. Channel models

The problem we consider in this paper is that of communicating over a channel with an individual

state sequence. Let the finite setsX andY denote the channel input and output alphabets, respectively.

The setW = {W (y|x, z) : z ∈ Z} is a set of channels indexed by a state variable in a (not necessarily

finite) setZ. We model our channel as having an individual state sequencez = (z1, z2, . . . , zN ), so we

can write the overall channel as

W (y|x, z) =

N
∏

i=1

W (yi|xi, zi) .

Indeed,Z can be large enough to accommodate all possible DMCs with input alphabetX and output

alphabetY.

Because the maximum capacity of this set of channels isCmax = log min{|X |, |Y|}, we define the

set of possible messages to be the set of all binary sequences{0, 1}NCmax . This message set is naturally

nested – the truncated set{0, 1}T is a set of prefixes for{0, 1}NCmax . At the time of decoding, the

decoder will decide on a truncationT ∈ N and a messagem ∈ {0, 1}T . We think of the rate-limited

feedback link as a noiseless channel that can be used everynfb uses of the forward channel to sendBfb

bits. The rate of the feedback isRfb = Bfb/nfb. To avoid integer effects, we will consider only integer

values fornfb andBfb. This will not affect our results.

A coding strategyfor blocklengthN consists of a sequence of (possibly random) encoding functions

for i = 1, 2, . . . , N ,

ηi : {0, 1}NCmax × {0, 1}⌊i/nfb⌋Bfb → X , (4)

a sequence of (possibly random) feedback functions fori = nfb, 2nfb, . . .:

φi : Y i → {0, 1}Bfb , (5)
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and a decoding function

ψ : YN → {0, 1, . . . , NCmax} × {0, 1}NCmax , (6)

We define the decoding thresholdT and message estimatêm (which are random variables) byψ(Y n) =

(T, m̂). We define themaximal error probabilityto be

max
m∈{0,1}NCmax

P ((m1,m2, . . . ,mT ) 6= (m̂1, m̂2, . . . , m̂T ) | m was encoded) , (7)

where the probability is taken over the common randomness and randomness in the channel.

The empirical rateis T/N .

For an individual state sequencez we can define thestate-averaged channelto be

Wz(y|x) =
1

N

N
∑

i=1

W (y|x, zi) . (8)

For a fixed input distributionP (x) onX and averaged channelWz(y|x), themutual informationis given

by the usual definition:

I(P,W ) =
∑

x,y

W (y|x)P (x) log
W (y|x)P (x)

P (x)
∑

x′ W (y|x′)P (x′)
.

For an individual state sequence we can define theempirical mutual informationby I(P,Wz). In our

algorithm we will estimateWz(y|x) to get an estimate ofI(P,Wz) so the decoder can choose an

appopriate time to decode.

For a fixedz, the empirical capacityis the supremum over all input distributions of the empirical

mutual information:

C̄(z) = sup
P (x)

I(P,Wz) .

In general, the maximizingP (x) may not be the same for allz, and in these cases our strategy can

achieve rates close toI(P,Wz) but not C̄(z). Some illuminating examples are given in the next section

to make the distinction more clear.

Our coding strategy exploits local variation in the channelbehavior. Letz be an individual state

sequence and letzm = (zjm+1, . . . zjm+1
), where0 = j1 < j2 < · · · < jM = N . Averaging over the

state as in (8), we can form the average channelsWzm
(y|x) for m = 1, 2, . . . ,M . Because the mutual

information is convex in the channel matrix, we have the following inequality:

I(P,Wz) ≤
M−1
∑

m=1

jm+1 − jm
N

I(P,Wzj
) .
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That is, time-sharing the empirical mutual information over over sub-blocks yields a higher rate than the

empirical mutual information over all sub-blocks. Therefore if we can achieve rates close toI(P,Wzj
)

in each sub-block fromjm−1 to jm, the overall rate may even exceedI(P,Wz)

B. Main Result

The main result in this paper is that the algorithm given in the next section achieves rates that

asymptotically approach the mutual informationI(P,Wz) for a large set of state sequencesz.

Theorem 1:When used over a family of channels{W (y|x, z) : z ∈ Z} with finite input and output

alphabets, there is a coding strategy that with probability1 − ε(N) achieves the rate

R ≥ I(P,Wz) − ρ(N) , (9)

with feedback rate

Rfb = λ(N) . (10)

Furthermore, asN → ∞ we haveρ(N) → 0, λ(N) → 0, andε(N) → 0.

Let us return to our three motivating examples. For the binary modulo-additive channel, Theorem 1

implies the following result. For this case, the empirical capacity is1− h(p), the capacity of the binary

symmetric channel with crossover probabilityp.

Corollary 1: For the binary modulo-additive channel with an individual noise sequence, there is a

coding strategy that with probability1 − ε(N) achieves the rate

R ≥ 1 − h(p) − ρ(N) , (11)

with feedback rate

Rfb = λ(N) . (12)

andh(·) is the binary entropy function. Furthermore, asN → ∞ we haveρ(N) → 0, λ(N) → 0, and

ε(N) → 0.

For the spectrum sharing channel, our results do not apply directly because the channel output alphabet

is continuous for that setting. However, in a real system, the channel output may be quantized (perhaps

to high accuracy), from which we can derive a corresponding channel with discrete inputs and outputs.

In this case, we can apply the result in Theorem 1 to design a coding strategy that achieves the empirical

capacity of the corresponding discrete output channel.
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Finally, consider the channel that can force0’s to crossover to1, with an arbitrary but fixed crossover

sequence, where we letq be the arbitrary but fixed fraction of1’s in the crossover sequence. Note that

if the sequence is chosen iid with crossover probabilityq, then this corresponds to a Z-channel with

crossover probabilityq. For this channel, the capacity achieving input distribution is a function ofq, so

our scheme cannot achieve the empirical capacity. Despite this, our results still allow us to state the rates

we can attain in this setting. If the channel input distribution P (X = 1) = p for this channel, then the

empirical mutual information for this channel can be written as

I(P,Wq) = h(p) − (1 − p+ pq)h

(

pq

1 − p+ pq

)

, (13)

and is achievable from Theorem 1.

C. Proposed coding strategy

We divide the blocklengthN into chunksof lengthb = b(N). Feedback occurs at the end of chunks,

sonfb = b with three possible messages: “BAD NOISE”, “DECODED”, and “KEEP GOING”.

The encoder attempts to sendk = k(N) bits over several chunks comprising around. Let Vn =

(n−1)b+1, (n−1)b+2, . . . , nb be the time indices in then-th chunk within a round. For each chunkn,

the decoder and encoder chooset = t(N) training positionsTn (via common randomness) during which

a known sequence is transmitted to enable the decoder to estimate the empirical channel. The remaining

time indicesUn = Vn\Tn are used to transmit the codeword. LetVn = V1, . . . , Vn, Tn = T1, . . . , Tn,

andUn = U1, . . . , Un be the time indices up to then-th chunk for the round, training, and codeword

positions, respectively.

We fix an input distributionP (x) onX . The encoder and decoder will also choose a random codebook

for each round. In a round, the encoder divides the codebook into segments of lengthb− t and transmits

the n-th segment over theb− t non-training positions inUn.

The decoder uses the training positions to estimate the empirical noise distribution in that chunk. After

each chunk the decoder will either (a) decide that the empirical noise is too bad and tell the encoder to

terminate the round and start over, (b) decide to decode thek bits and tell the encoder to terminate the

round, or (c) decide that it cannot decode yet and tell the encoder to send another chunk.

A formal description of the coding strategy follows, and an illustration is provided in Figure 2. At the

beginning of roundr, the encoder and decoder use common randomness to choose a random codebook

of typeP to be used in that round. Letx(r) denote the codeword to be sent in roundr. Let zn = zn(r)

denote the state sequence during then-th chunk of roundr. We will suppress the dependence onr for
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total: b b b bbb

0 N

round 1 2 3

round: b b b

b 2b 3b
chunk 1 2 3

chunk:
b

training codeword

Fig. 2. After each chunk of lengthb feedback can be sent. Rounds end by decoding a message or declaring the noise to be

bad.

simplicity. For indicesS = s1, s2, . . . , sS , we will let z(S) = zs1
, zs2

, . . . , zs|S|
, so z(Tn) is the state

vector during the training in chunkn, z(Tn) is the state during the training positions,z(Un) is the state

during the non-training positions, andz(Vn) is the state vector of the current round up to then-th chunk.

For each round, the following steps are repeated for each chunk:

1) The encoder and decoder chooset positionsTn to use for the training in chunkn using common

randomness.Tn is further partitioned into|X | subsequencesTn(x) of size t/|X | positions.

2) The encoder transmits the chunk. At timesj ∈ Tn(x) the encoder sendsx. In the b− t remaining

positions the encoder sends(x(n−1)(b−t)+1, x(n−1)(b−t)+1, . . . , xn(b−t)), which are the nextb − t

entries in the codeword corresponding to thek bits to be sent in the current round.

3) The decoder estimates the empirical channelWz(Un)(y|x) in chunkn and the empirical channel

over the round so far:

ŵ(n)(y|x) =
|X |
t

· |{j ∈ Tn(x) : yj = y}|

Ŵ (n)(y|x) =
1

n

n
∑

i=1

ŵ(i)(y|x) .

4) The decoder makes a decision based onŴ (n) andn:

a) if

I(P, Ŵ (n)) < τ(N) , (14)

then the decoder feeds back “BAD NOISE” and the round is terminated without decoding the

k bits. In the next round, the encoder will attempt to resend the k bits from this round.
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b) if

k

(b− t) × n
< I(P,Wz(Tn)) − ǫ1(N) , (15)

then the decoder decodes, feeds back ”DECODED,” and the encoder starts a new round.

c) otherwise the decoder feeds back “KEEP GOING” and goes to 2).

The coding strategy useslog 3 bits of feedback per chunk for the decision messages (“BAD NOISE,”

”DECODED,” and “KEEP GOING”) and common randomness to choose a new codebook for each round

as well as training for each chunk. Observe that lettingb get large withN causes the feedback rate to

go to zero.

Our strategy has two main ingredients. First, the encoder uses random training sequences to let the

decoder accurately estimate the empirical average channel. Given this accurate estimate, the decoder can

track the empirical mutual information of the channel over the round. Second, the decoder only needs to

know that the empirical mutual information is large enough in order guarantee a small error probability.

To accomplish this we use a fixed-composition codebook and a maximum mutual information decoding

rule.

IV. A NALYSIS

The analysis, carried out below, consists of two parts. In the first part we show that the training positions

provide a good estimate of the empirical average channel (Lemma 2) and that the condition in (15) is

sufficient to decode thek bits for a round with small probability of error (Lemma 3). The second part of

the analysis shows that the loss in rate from our scheme is negligible as the blocklength increases. The

rate loss within a round is small (Lemma 5). The overall rate loss across rounds is also small (Lemma

6). We show that all of the bounds can be satisfied by setting the parameters at the end of this section.

A. Error analysis

We must first find a bound on the length of a round in chunks. LetM be the termination time for the

round :

M = inf
n>0

{

I(P, Ŵ (n)) < τ or
k

(b− t)n
< I(P, Ŵ (n)) − ǫ1

}

. (16)

We now argue thatM cannot be too large.

Lemma 1 (Bounds onM ): If ǫ1 < τ , we haveM ≤M∗, where

M∗ :=

⌈

k

(b− t) · (τ − ǫ1)

⌉

. (17)
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τ

ǫ1

M∗

empirical rate
I(P, Ŵ (M))

M

Fig. 3. Curve illustrating whyM is finite.

If the decoder attempted to decode, thenM ≥M∗, where

M∗ =
k

(b− t) · Cmax
. (18)

Proof: The argument is illustrated in Figure 3. We must simply find the point where the curve

defined by (15) intersects the “BAD NOISE” threshold. This gives the bound in (17). The lower bound

is trivial from the definition in (15) and the cardinality bound on mutual information.

We will declare an error if one of following two events occurs:

1) (E1) We declare an error if

max
x,y

∣

∣

∣
Ŵ (M)(y|x) −Wz(UM )(y|x)

∣

∣

∣
> ǫ2(N) . (19)

This happens when the estimated channel is not sufficiently close to the average channel in the

non-training positionsUM .

2) (E2) We will have an error if the decoder does not output the correct transmitted message. We call

this a decoderfailure.

We will need the following lemma, which states that with highprobability the channel̂W (M) estimated

from the training is close to the average channelWz(VM )(y|x) over the entire round and the average

channelWx(UM )(y|x) over which the codeword is transmitted. The proof is provided in the Appendix.

Lemma 2 (Channel estimation via training):Let ǫ2 > t/b. Then there exist constantsα1 andβ1 such

that

P

(

max
x,y

∣

∣

∣Ŵ (n)(y|x) −Wz(Vn)(y|x)
∣

∣

∣ > ǫ2

)

≤ α1n exp
(

−β1tǫ
2
2

)

(20)

P

(

max
x,y

∣

∣

∣
Ŵ (n)(y|x) −Wz(Un)(y|x)

∣

∣

∣
> ǫ2

)

≤ α1n exp
(

−β1t(ǫ2 − 2t/b)2
)

. (21)
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Our next error lemma bounds the probability that the decoderfails conditioned on the channel estimates

being accurate. We relegate the proof to the Appendix.

Lemma 3 (Bound onE2): There exist constantsα3, α4, α5, andα6 > 0, such that if

ǫ3(N) = α3hb(ǫ2) + α4ǫ2 , (22)

then for ǫ1 = ǫ1(N) chosen such that

ζ(N) = ǫ1 − ǫ3 −
α5M

∗ log(b− t) + α6 logM∗

M∗(b− t)
> 0 , (23)

where0 < η(P ) <∞, α = α(|X |, |Y|) <∞, with probability

1 −M∗ exp

(

−1

8
2M∗+1((b− t) + 1))−ηM∗

exp(M∗(b− t)R)

)

, (24)

a randomly chosen codebook will satisfy

P (E2|Ec
1,M) ≤ 2M3((b− t) + 1)ηM (M(b− t) + 1)α exp

(

−M(b− t)
ζ(N)2

8/e2 + 4(ln |Y|)2
)

. (25)

Note that in order to guarantee our construction will work wemust choose our parameters such that

the probability in (24) is positive. We denote the overall error by ε = ε(N) ≤ P(E1) + P(E2|Ec
1). The

bounds in (20) and (25) provide an upper bound onε in terms of the other parameters. Note that we must

also choose the parameters such that (70) will guarantee theexistence of a codebook with our desired

properties.

B. Rate analysis

In this section we analyze the gap between the rates achievedby our algorithm and the empirical mutual

informationI(P,Wz). Within each round, the decoder is somewhat conservative, gathering enough packets

so that the achieved rate is less thanǫ1 of the the measured mutual information and less thanǫ1 − ǫ3 of

empirical mutual information during the the non-training positions. In this section we will calculate the

gap between the rates achieved by our algorithm and the overall empirical mutual information. This gap

is due to two factors : the loss within each round, and the lossfor the final uncompleted round.

Lemma 4 (Rate loss for uncompleted round):The fraction of channel uses lostγ(N) due to a nonter-

minating final round is upper bound by

γ(N) ≤ M∗b

N
. (26)

Proof: The proof follows immediately from Lemma 1 since no round canbe larger thanM∗ chunks.
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The next lemma bounds the rate loss within a round, both for rounds terminated due to “BAD NOISE”

and rounds in which the decoder decodes. The proof is given inthe appendix.

Lemma 5 (Rate loss within a round):Suppose we are under the event(E1 ∪ E2)
c. Let R be the rate

achieved within a round, and define

ρ0 = max

{

τ + ǫ3, ǫ1 + ǫ3 + |Y|hb(2M
−1
∗ ) + 2|Y| log |Y|M−1

∗ +
k

b− t
· 1

(M∗ − 1)2

}

, (27)

where

ǫ3(N) = α3hb(ǫ2) + α4ǫ2 (28)

for constants0 < α3, α4 < ∞. Then the difference between the achieved rate in any round and the

empirical mutual information is bounded:

I(P,Wz(VM )) −R ≤ ρ0 . (29)

Lemma 6 (Overall rate loss):Suppose we are under(E1 ∪E2)
c, and let the total number of success-

fully decoded bits beRN . Let

ρ =
M∗b

N
log |Y| + ρ0 . (30)

Then

I(P,Wz) −R ≤ ρ .

Proof: Let zj denote the state vector in roundj, and suppose there wereJ rounds, with theJ-th

round possibly failing to terminate. LetRj denote the rate achieved in roundj andMjb the length of

roundj. Then using the convexity of the mutual information, Lemmas4 and 5, we obtain:

I(P,Wz) ≤
J
∑

j=1

Mjb

N
I(P,Wzj

) (31)

≤ MJb

N
I(P,WzJ

) +

J−1
∑

j=1

Mjb

N
(Rj + ρ0) (32)

≤ M∗b

N
log |Y| +R+ ρ0 . (33)

The lemma now follows from this inequality.

C. Setting the parameters

The coding strategy has a large number of parameters that must satisfy various asymptotic conditions

if we are to achieve the empirical mutual information of the channel. By way of an example, let us set
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transmitted bits per round k(N) Θ(N1/2)

chunk size b(N) Θ(N1/4)

training size t(N) Θ(N1/8)

channel estimate gap ǫ2(N) Θ(N−1/32)

bad round threshold τ(N) Θ(N−1/8)

decoding gap threshold ǫ1(N) Θ(N−1/16)

With this setting, we have

minimum number of chunks M∗ Θ(N1/4)

maximum number of chunks M∗ Θ(N3/8)

estimation error probability P(E1) O(exp(−N1/16))

decoding failure probability P(E2|Ec
1) O(exp(−N7/16))

total error ε(N) O(exp(−N1/16))

rate loss per round ρ0 O(N−1/32 logN)

total rate loss ρ(N) O(N−1/32 logN)

To complete the proof of Theorem 1 we must verify that we satisfy the conditions guaranteeing the

existence of our codebook. The probability of a good codebook existing given in (24) is positive. The

termexp(M∗(b−t)R) dominates the exponent, so the probability of the codebook existing goes to1. The

other condition to check is (23), which guarantees the positivity of the error exponent in the probability

of error. This too, is satisfied by the settings above. Finally, we note that our rate lossρ(N) is defined

to be at least as large asτ(N). For state sequences whose induced mutual information is smaller than

τ(N), condition (9) is vacuous – the bound is negative, so the achieved rate is0.

There is a range of parameter settings for which all of the relevant quantities can be driven to0. The

above is just one example, but others can be better dependingon the code designer’s priorities.

V. D ISCUSSION

In this paper we described a coding strategy under a general channel uncertainty model that uses limited

feedback to achieve rates arbitrarily close to an i.i.d. discrete memoryless channel with the same first-order

statistics. Feedback allows the system to adapt the coding rate based on the channel conditions. When

the class of channels over which we are uncertain has the samecapacity achieving input distribution,

the coding strategy achieves rates at least as large as empirical capacity, the capacity of an i.i.d. discrete

memoryless channel with the same first-order statistics. Since the rates that we can guarantee for our
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scheme are close to the average channel in a round, our total rate over many rounds may in fact exceed

the empirical capacity. This is due to the convexity of mutual information in the channel.

The work extends an earlier investigation by Shayevitz and Feder [16] that considered the case in which

the encoder has access to full output feedback from the decoder and allows the encoder to provide control

and estimation information in a set of training sequences that can be selected via common randomness.

By contrast, our strategy can be viewed as a kind of incremental redundancy hybrid ARQ [22], in which

the decoder uses the feedback link to terminate rounds that are too noisy but otherwise attempts to correct

the error in less noisy rounds.

Thus far, we have not accounted for the amount of common randomness required by our coding

strategy. If the common randomness is sent via the feedback link, it is important for it to be sublinear in

N to preserve asymptotically0-rate feedback. We use common randomness to choose the locations for

the training sequences as well as the codebook for each round. The decoder could use active feedback to

inform the encoder of thet training positions chunki before chunki is sent. Over theN/b chunks this

would require an additionalN t(N)
b(N) logN bits, which in our example of parameter setting is sublinearin

N .

We can also use a sublinear number of bits to choose a codebookto use in each round. One approach

is to use tools from the theory of arbitrarily varying channels to find nested code constructions that use

a limited amount of common randomness. This approach is taken in [23]. Another method, more in the

interactive coding spirit of feedback systems, is to show the existence of deterministic list decodable

codes with small list sizes. If the list is of sizeL, the decoder can findL bits in the message which

can disambiguate the list. By usingL log k bits in the feedback, the decoder can request thoseL bits

from the encoder. By sacrificing justlogN more forward channel uses, the encoder can send theL bits

with negligible impact to the rate. Furthermore, success isguaranteed as long as the empirical mutual

information in the next round is aboveτ . List coding constructions are also investigated in [23] and may

be adapted for this purpose.

While it is true that the approach here can immediately be extended to exploit memory in the channel

by looking at mini-segments of channel uses together and letting the mini-segments also grow slowly

with N , such a result is not satisfying. In the memoryless context,being forced to declare an input

distribution in advance seems reasonable. But the same assumption feels overly constraining when there

is memory in the channel. The key underlying question seems to be how to adapt the input distribution

appropriately and thus implicitly, what a reasonable classof competitors is.

The individual sequence model considered in this paper is byno means the only way of modeling
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channel uncertainty. For the forward channel, an alternative is to consider consider a class of noise models

that varies in a piecewise-constant fashion. This model is related to the on-line estimation problems

studied by Kozat and Singer [24] and may be useful to understand block fading. For such models we

could consider modifying our strategy to adapt the value ofk by trying to learn the coherence time of the

channel. In the sense of competitive optimality, the competition class could be coding strategies that know

the coherence intervals exactly. Variations on the model ofthe feedback link may also lead to interesting

new results. Alternative channel models in which the feedback is noisy or allowed to have time-varying

rate may present new issues to consider, particularly for the case in which there is uncertainty in the

feedback link as well. One interesting model may be a two-waychannel with individual noise, in which

a feedback message may interact with a forward transmission. For future communications systems that

must share common resources, such investigations may shed new light on strategies in these settings.
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APPENDIX

We provide here the proofs of the lemmas used in the analysis of our algorithm1.

A. Bounds on entropy and mutual information

We need a short technical lemma about concave functions.

Lemma 7:Let f be a concave increasing function on[a, b]. Then if a ≤ x ≤ x+ ǫ ≤ b, we have

f(x+ ǫ) − f(x) ≤ f(a+ ǫ) . (34)

1We were unable to find a standard reference for the entropy bounds below, which is why we provide the derivation.
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Proof: Without loss of generality we can takea = 0, b = 1, andf(a) = 0. Now consider

f(x) = f

(

x

x+ ǫ
· (x+ ǫ) +

ǫ

x+ ǫ
· 0
)

≥ x

x+ ǫ
f(x+ ǫ) +

ǫ

x+ ǫ
f(0)

=
x

x+ ǫ
f(x+ ǫ)

f(ǫ) = f

(

x

x+ ǫ
· 0 +

ǫ

x+ ǫ
· (x+ ǫ)

)

≥ x

x+ ǫ
f(0) +

ǫ

x+ ǫ
f(x+ ǫ)

=
ǫ

x+ ǫ
f(x+ ǫ) .

Therefore

f(x) + f(ǫ) ≥ f(x+ ǫ) , (35)

as desired.

Using the preceding lemma, we can show that a bound on the total variational distance between two

distributions gives a bound on the entropy between those twodistributions.

Lemma 8:Let P andQ be two distributions on a finite setS with |S| ≥ 2. If

|P (s) −Q(s)| ≤ ǫ ∀s ∈ S , (36)

then

|H(P ) −H(Q)| ≤ (|S| − 1) · hb(ǫ) + (|S| − 1) log(|S| − 1) · ǫ , (37)

wherehb(·) is the binary entropy function.

Proof: Let S = {s1, s2, . . .}. We proceed by induction on|S|. Suppose|S| = 2, and letp = P (s1)

andq = Q(s1). The entropy functionhb(x) is concave, increasing on[0, 1/2] and decreasing on[1/2, 1].

Applying Lemma 7 to each interval, we obtain the bound:

|hb(x+ ǫ) − hb(x)| ≤ hb(ǫ) . (38)

SinceH(P ) = hb(p) andH(Q) = hb(q), this proves our result.

Now suppose that the lemma holds for|S| ≤ m− 1, and consider the case|S| = m. Without loss of

generality, letP (sm) > 0 andQ(sm) > 0. Let λ = (1 − P (sm)) andµ = (1 − Q(sm)) and note that

|λ−µ| < ǫ by assumption. Define the(m− 1) dimensional distributionsP ′ = λ−1(P (s1), . . . P (sm−1))

andQ′ = λ−1(Q(s1), . . . Q(sm−1)), so that

P = (λP ′, (1 − λ))

Q = (µQ′, (1 − µ)) .

November 1, 2007 DRAFT



18

Therefore,

H(P ) = hb(λ) + λH(P ′)

H(Q) = hb(µ) + µH(Q′) .

Now we we can expand the difference of the entropies, using the fact thatλ < 1, the induction

hypothesis on|H(P ′) −H(Q′)| and |hb(λ) − hb(µ)|, and the cardinality bound on the entropyH(Q′)

to obtain

|H(P ) −H(Q)| = |λH(P ′) − µH(Q′) + hb(λ) − hb(µ)|

≤ λ|H(P ′) −H(Q′)| + |λ− µ|H(Q′) + |hb(λ) − hb(µ)|

≤ (m− 2) · hb(ǫ) + (m− 2) log(m− 2) · ǫ+ log(m− 1) · ǫ+ hb(ǫ)

≤ (m− 1) · hb(ǫ) + (m− 1) log(m− 1) · ǫ .

Lemma 9:Let W (y|x) andV (y|x) be two channels with finite input and output alphabetsX andY.

If

|W (y|x) − V (y|x)| ≤ ǫ ∀(x, y) ∈ X × Y , (39)

then for any input distributionP on X we have

|I(P,W ) − I(P, V )| ≤ 2(|Y| − 1) · hb(ǫ) + 2(|Y| − 1) log(|Y| − 1) · ǫ , (40)

wherehb(·) is the binary entropy function.

Proof: We simply apply Lemma 8 twice. LetQW andQV be the marginal distributions onY under

channelsW andV respectively. Then

|QW (y) −QV (y)| ≤
∑

x

P (x)|W (y|x) − V (y|x)| ≤ ǫ .

Now we can break apart the mutual information and use Lemma 8 on each term:

|I(P,W ) − I(P, V )| ≤ |H(QW ) −H(QV )| +
∑

x

P (x)|H(W (Y |X = x)) −H(V (Y |X = x))|

≤ 2(|Y| − 1) · hb(ǫ) + 2(|Y| − 1) log(|Y| − 1) · ǫ .
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B. Properties of concatenated fixed composition sets

Let τ(x) be the type ofx. Let Tn(P ) = {x ∈ X n : τ(x) = P} be the set of of all length-n vectors

of typeP . For a vectorx, let xm
1 be the firstm elements ofx.

Lemma 10:For all finite setsX , and all typesP with p0 = minx∈X P (x) > 0, there existsη =

η(P ) <∞ such that for all integersM,n > 0,

|Tn(P )|M
|TMn(P )| ≥ exp(−ηM log(n+ 1)) . (41)

Proof: We begin by expanding the ratio:

|Tn(P )|M
|TMn(P )| =

(

n
p1n, p2n, ..., p|X|n

)M

( Mn
p1Mn, p2Mn, ..., p|X|Mn

) .

We can bound the multinomial coefficient using Stirling’s approximation [26, pp. 50–53] :
(

n

p1n, p2n, . . . , p|X |n

)

=
n!

(p1n)! · (p2n)! · · · (p|X |n)!

≥ (
√

2π)−|X |+1 · nn√n
∏|X |

x=1(pxn)pxn√pxn
· exp





1

12n + 1
−

|X |
∑

x=1

1

12pxn





(

Mn

p1Mn, p2Mn, . . . , p|X |Mn

)

=
(Mn)!

(p1Mn)! · (p2Mn)! · · · (p|X |Mn)!

≤ (
√

2π)−|X |+1 · (Mn)Mn
√
Mn

∏|X |
x=1(pxMn)pxMn

√
pxMn

· exp



− 1

12Mn+ 1
+

|X |
∑

x=1

1

12pxMn



 .

Now we can cancel some terms to get a further lower bound for some 0 < ν(P ) <∞:

|Tn(P )|M
|TMn(P )| ≥ (

√
2π)−(M−1)(|X |−1) · nMn

(Mn)Mn
·





|X |
∏

x=1

(pxMn)pxMn

(pxn)pxMn



 ·





(Mn)(|X |−1)

nM(|X |−1)
·
|X |
∏

x=1

p−(M−1)
x





1/2

· exp





M

12n + 1
−

|X |
∑

x=1

M

12pxn
+

1

12Mn+ 1
−

|X |
∑

x=1

1

12pxMn





≥ exp(−M |X | log
√

2π) · exp

(

1

2
(|X | − 1)(logMn−M log n)

)

· exp (−ν(P )M/n)

≥ exp

(

−M
(

|X | log
√

2π +
1

2
(|X | − 1) log n− (|X | − 1) logMn

2M
+
ν(P )

n

))

≥ exp(−ηM log(n+ 1)) ,

whereη = η(P ) <∞.
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C. Codebook construction

We restate useful results that we will be useful for our proof. We first present a result in Csiszár

and Körner about MMI decoding. To make it easier to apply to our proofs and bring out the parameter

dependencies that play a significant role in this work, our statements vary slightly from the original

version.

Lemma 11:(Csiszár and Körner [27, Lemma 5.1, Theorem 5.2, pp. 162–166]) For every DMCW

and allR > 0, random uniform selection with replacement of

J = (n+ 1)−α exp(nR) (42)

codewords{u(i) : i = 1, . . . , J} from the setTn(P ) of fixed compositionP = (p1, p2, . . . , p|X |) has an

expected error probability under MMI decoding

εr ≤ (n+ 1)α exp(−nEr(R,W )) , (43)

whereEr(R,W ) is Gallager’s random coding exponent [27, Problem 5.23, p. 192] andα = 5|X |+6|X |·
|Y|. A fortiori, there exists a codebook with the same property.

Proof: This is a restatement of Theorem 5.2 in Csiszár and Körner which holds for anyn instead

of n sufficiently large. Their result states that for a fixedδ > 0 and n sufficiently large, selecting

exp(n(R− δ)) codewords will result in an error probability

ε ≤ exp(−n(Er(R,W ) − δ)) . (44)

To see why this is equivalent to our statement, first observe that the rate loss appears in the first two

lines of their proof as a consequence of the Packing lemma [27, Lemma 5.1, p. 162-164]. A closer

inspection of the packing lemma reveals the requirement that

(n+ 1)2|X |+3|X |·|Y| exp

(

−nδ
2

)

≤ 1

2
. (45)

Rather than fixingδ and taking largen, we can fixn and find a bound onδ. By rearranging terms in

(45) we see that taking

δ ≥ (5|X | + 6|X | · |Y|)n−1 log(n+ 1) (46)

is sufficient for the bound. The exact error probability derived in the proof of Theorem 5.2 is

(n+ 1)2|X |·|Y| exp(−nEr(R,W )) . (47)

Clearly, choosingα = 5|X | + 6|X | · |Y| is sufficient to prove the Lemma.
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We want a bound on the error probability that depends only on the rate gap between our codebook

and capacity.

Lemma 12:(Gallager [28, p. 539, Problem 5.23]) DefineC = I(P,W ). ForR ≤ C,

Er(R,W ) ≥ (C −R)2

8/e2 + 4(ln |Y|)2 , (48)

whereEr(R,W ) is Gallager’s random coding exponent.

Proof: The result is presented as an exercise in Gallager [28, p. 539, Problem 5.23] with a sketch

of the proof that leaves out the tedious calculations required to show the result. While there is an error

in that proof sketch, we note that a stronger result than the one presented here was recently shown by

correcting the arguments outlined in that exercise [29].

Lemma 13:ForR > 0, with probability at least

1 −M exp

(

−1

8
2M+1(n+ 1)−ηM exp(MnR)

)

(49)

there exists a set ofK ′ codewords{x(l) : l = 1, 2, . . . K ′} of blocklengthMn and fixed composition

P = (p1, p2, . . . , p|X |), where

K ′ ≥ exp(MnR) , (50)

for α = α(|X |, |Y|) <∞ andη = η(|X |) <∞ that satisifies the following properties:

1) For eachi we havex(i) ∈ {Tn(P )}M .

2) The collection{xℓn
1 (i) : i = 1, 2, . . . ,K ′} is a codebook withK ′ codewords and whose maximum

probability of error under maximum mutual information decoding smaller than

εℓ ≤ 2ℓ3(n + 1)ηℓ(ℓn+ 1)α exp

(

−ℓnEr

(

M

ℓ

(

R+
log 2

n
+ η

log(n+ 1)

n
+ α

log(ℓn+ 1)

Mn

)

,W

))

,

(51)

whereEr(R,W ) is Gallager’s random coding exponent [28].

Proof: Our construction will be as follows:

1) Draw J random vectorsU(1),U(2), . . . ,U(J) from TMn(P ).

Let J = 2M+1 |TMn(P )|
|Tn(P )|M exp(MnR) and defineR̃Mn = (Mn)−1 log J = R+ log 2

n +(Mn)−1 log |TMn(P )|
|Tn(P )|M .

By Lemma 11, we know that the expected error probability overmessages{U(j) : j = 1, 2, . . . , J}
afterM for the codebook{xMn

1 (i) : i = 1, 2, . . . , J} is at most

ε̃M ≤ (Mn+ 1)α exp(−MnEr(R̄Mn,W )) , (52)

whereα = α(|X |, |Y|) <∞ and R̄Mn = R̃Mn + α log(Mn+1)
Mn .
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2) Thin the set{U(j) : j = 1, 2, . . . , J} by removing all codewords not inTn(P ) × · · · ×Tn(P ) to

form a codebook{V(k) : k = 1, 2, . . . ,K}.

Let fm : Tmn(P ) ∪ {⊥} → T(m−1)n(P ) ∪ {⊥} be the thinning map defined by

fm(u) =







u
(m−1)n
1 u

(m−1)n
1 ∈ T(m−1)n(P )

⊥ otherwise

We think of ⊥ as a null symbol that represents deleting a codeword from thecodebook. That

is, fm(·) removes codewords whose type is notP in the first (m − 1)n positions. The thinned

codebook is thus

C = {U(k) : fm(U(k)) 6=⊥ for m = 2, 3, . . . ,M} . (53)

Let us write C = {V(k) : k = 1, 2, . . . ,K}. Furthermore, we can define a sequence of nested

thinned codebooks. Let

Cℓ = {X(k) : fm(X(k)) 6=⊥ for m = ℓ+ 1, ℓ+ 2, . . . ,M} . (54)

Note thatCℓ ⊆ Cℓ+1 and C1 = C. Furthermore, ifX(k) ∈ Cℓ, then fℓ+1(X(k)) is uniformly

distributed overTℓn(P ). Since there are at mostJ codewords in codebookCℓ and these are uniform

overTℓn(P ), by Lemma 11, the average error probability forCℓ after ℓn channel uses is bounded

by

ε̃ℓ ≤ (ℓn+ 1)α exp

(

−ℓnEr

(

M

ℓ
R̄ℓn,W

))

, (55)

whereR̄ℓn = R̃Mn + α log(ℓn+1)
Mn . To understand the behavior on the codebookC, we first need to

provide a guarantee on the number of codewords after thinning. The probability that a randomly

chosen codeword survives thinning isγ = |Tn(P )|M

|TMn(P )| . We can use this to conclude

P

(

K

J
< γ/2

)

= P

(

K

J
− γ < −γ/2

)

≤ exp
(

−Jγ2/8
)

, (56)

where (56) follows from Hoeffding’s inequality [30]. LetKi be the number of codewords in

Cℓ with boundary conditionsK = K1 and J = KM . We want upper bounds onKi. The

probability of a randomly chosen codeword will survive the thinning process for codebookCℓ

is γi = |Tℓn(P )|·|Tn(P )|M−ℓ

|TMn(P )| .

P

(

K

J
> 3γi/2

)

= P

(

K

J
− γi > γi/2

)

≤ exp(−Jγ2
i /8) , (57)
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where (57) follows from Hoeffding’s inequality [30]. Thus,by a union bound and the observation

that γ < γi for all i, with probability at least

1 −M exp(−Jγ2/8) , (58)

the thinned codebookC satisfies

K ≥ γ

2
J =

|Tn(P )|M
|TMn(P )| ·

J

2
, (59)

and thinned codebooksCℓ satisfy

Ki ≤
3γi

2
J =

|Tℓn(P )| · |Tn(P )|M−ℓ

|TMn(P )| · J
2
. (60)

By Lemma 10, (58) implies (49). Thus, with probability at least (49), the average error probability

for codebookC after ℓn channel uses us bounded by

ε̄ℓ ≤
Kℓ

K
ε̃ℓ

≤ 3
|Tℓn(P )|
|Tn(P )|ℓ ε̃ℓ (61)

≤ 3(n + 1)ηℓε̃ℓ , (62)

where (62) follows from Lemma 10.

3) Expurgate the codebook{V(j) : j = 1, 2, . . . ,K2} to guarantee small decoding error to form our

final codebook{X(l) : l = 1, 2, . . . , L}.

We have far made guarantees about the average error probability ε̄ℓ after ℓn channel uses. If we

remove half those codewords that result in the worst error probability for the firstℓn channel uses,

Markov’s inequality implies that the maximal error probability after n channel uses is at most

ε1 ≤ 2ε̄1 . (63)

For m = 2, . . . ,M , the average error probability after expurgation is at most2ε̄m. Similarly, for

ℓ = 2, . . . ,M , we continue expurgating those codewords that yield the worst error probability for

ℓn channel uses. This yields a maximum error probability

εℓ ≤ 2ℓε̄ℓ , (64)

and the average error probability form = ℓ, ℓ + 1, . . . ,M , the average error probability after the

previousℓ expurgations is at most2ℓε̄m. Applying Lemma 10 to (55) and combining it with (62)
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and (64) implies (51). Indeed, expurgation further reducesthe number of codewords, and from our

earlier bound, with probability at least (49), the number ofcodewords is at least

K ′ ≥ 2−MK ≥ exp(MnR) , (65)

thereby completing the proof.

In order to actually prove the existence of a good codebook, we must setM such that the probability

bound in (49) is actually positive. This is shown in Section IV-C.

D. Proof of Lemma 2

Proof: (Proof of Lemma 2)We will first prove that for fixed(x, y), Ŵ (n)(y|x) is close toWz(Tn)(y|x),
and thatWz(Tn)(y|x) is close toWz(Un)(y|x) andWz(Vn)(y|x).

Fix x ∈ X and y ∈ Y and note that the random variablêw(i)(y|x) has expectationE[ŵ(i)(y|x)] =

Wz(Ti(x))(y|x). We can now apply Hoeffding’s inequality [30] to the sum:

P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

ŵ(i)(y|x) − 1

n

n
∑

i=1

Wz(Ti(x))(y|x)
∣

∣

∣

∣

∣

>
ǫ2
2

)

≤ 2 exp

(

−1

2
· n · ǫ22

)

.

Rewriting this we have

P

(∣

∣

∣Ŵ (n)(y|x) −Wz(Tn)(y|x)
∣

∣

∣ >
ǫ2
2

)

≤ 2 exp

(

−1

2
· n · ǫ22

)

.

Now let us consider the random variableWz(Ti(x))(y|x). We can view this as drawingt/|X | samples

without replacement from the set{W (y|x, zj) : j ∈ Vi}. Another result of Hoeffding [30, Theorem

4] states that the exponential inequalities for sampling with replacement hold for sampling without

replacement as well, so the channel during the training is a good approximation to the entire channel

during the chunk:

P

(

∣

∣Wz(Ti(x))(y|x) −Wz(Vi(x))(y|x)
∣

∣ >
ǫ2
2

)

≤ 2 exp

(

−1

2
· t

|X | · ǫ
2
2

)

. (66)

Therefore we can bound over then chunks to get

P

(

∣

∣Wz(Tn(x))(y|x) −Wz(Vn(x))(y|x)
∣

∣ >
ǫ2
2

)

≤ 2n exp

(

−1

2
· t

|X | · ǫ
2
2

)

. (67)

Now we have:

Wz(Vn(x))(y|x) =
t

b
Wz(Tn(x))(y|x) +

b− t

b
Wz(Un(x))(y|x) .
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Therefore

P

(

∣

∣Wz(Tn(x))(y|x) −Wz(Un(x))(y|x)
∣

∣ >
ǫ2
2

)

≤ 2n exp

(

−1

2
· t

|X | · (ǫ2 − 2t/b)2
)

. (68)

Now, taking a union bound overX andY in (67) and (68) yields (21) and (20) withα1 = 2|X ||Y|
andβ1 = 1/(2|X |).

E. Proof of Lemma 3

Proof: Given that our estimated channelŴ (M)(y|x) is close to the true channelWz(UM )(y|x), we

must ensure that the slackǫ1 is sufficient to guarantee successful decoding with high probability. Under

Ec
1 we know that|Ŵ (M)(y|x) −Wz(UM )(y|x)| < ǫ2. Using Lemma 9, we can pickα3 andα4 so that

|I(P, Ŵ (M)) − I(P,Wz(UM ))| ≤ ǫ3 .

From the definition of the decoding rule in (15) we have

k

M(b− t)
< I(P, Ŵ (M)) − ǫ1

≤ I(P,Wz(UM )) − (ǫ1 − ǫ3) . (69)

Therefore the rate of our codebook at the decoding timeM is within (ǫ1 − ǫ3) of the empirical capacity.

We now turn to the codebook construction. Since after every chunk the decoder must decide whether to

decode, the actual rates that can be realized in a round fall in the discrete setM = {k/M(b− t) : M∗ ≤
M ≤ M∗}. Using common randomness, the encoder and decoder will choose a constant composition

random codebook with compositionP of blocklengthM∗(b − t) whose truncation to lengthsm ∈ M
is also a constant composition codebook of blocklengthm. Lemma 13 shows that such codebooks exist

with probability

1 −M∗ exp

(

−1

8
2M∗+1((b− t) + 1))−ηM∗

exp(M∗(b− t)R)

)

, (70)

whereη(|X |) <∞. Furthermore, these codebooks have probability of error when decoded at blocklength

M that is upper bounded by

P (E2|Ec
1,M) ≤ 2M3((b − t) + 1)ηM (M(b− t) + 1)α exp

(

−M(b− t)Er

(

M∗

M
(R+ χ) ,Wz(UM )

))

,

(71)

whereα(|X |, |Y|) <∞ and

χ =
log 2

(b− t)
+ η

log((b− t) + 1)

(b− t)
+ α

log(M(b− t) + 1)

M∗(b− t)
. (72)
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Here we choose

R =
k

M∗(b− t)
. (73)

Using Lemma 12, we can further lower bound the error exponentEr(·, ·):

Er

(

k

M(b− t)
+
M∗

M
χ,Wz(UM )

)

≥

(

C − k
M(b−t) − M∗

M χ
)2

8/e2 + 4(ln |Y|)2 . (74)

for k
M(b−t) ≤ C − M∗

M χ, whereC = I(P,Wz(UM )). Then using (69)

Er

(

k

M(b− t)
+
M∗

M
χ,Wz(UM )

)

≥
(

C − I(P,Wz(UM )) + (ǫ1 − ǫ3) − M∗

M χ
)2

8/e2 + 4(ln |Y|)2 (75)

=

(

ǫ1 − ǫ3 − M∗

M χ
)2

8/e2 + 4(ln |Y|)2 . (76)

For the exponent to be positive at all valid decoding times, we must have

ǫ1 − ǫ3 −
M∗

M∗

(

log 2

(b− t)
+ η

log((b− t) + 1)

(b− t)
+ α

log(M∗(b− t) + 1)

M∗(b− t)

)

> 0 . (77)

We can simplify this for two finite positive constantsη′ andα′:

ǫ1 − ǫ3 −
η′M∗ log(b− t) + α′ logM∗

M∗(b− t)
> 0 . (78)

Settingα5 = η′ andα6 = α′ completes the proof.

F. The rate loss within a round

Proof: (Proof of Lemma 5)Lemma 2 states that with high probability the channelŴ (n) is within

ǫ2 of bothWz(Un) andWz(Vn). Therefore Lemma 9 shows that
∣

∣

∣I(P, Ŵ (n)) − I(P,Wz(Vn))
∣

∣

∣ < ǫ3 . (79)

We experience rate loss in both rounds that terminate due to “BAD NOISE” and ones in which we

decode. In the “BAD NOISE” rounds, we haveI(P, Ŵ (n)) < τ and the achieved rate is obviously0, so

the loss is

I(P,Wz(Vn)) −R < τ + ǫ3 . (80)

Now let us turn to the rounds in which the decoder decodes after receivingM chunks. Since the

decoding criterion (15) was not met afterM − 1 chunks but was met afterM chunks, we have

k

(b− t)(M − 1)
≥ I(P, Ŵ (M−1)) − ǫ1 . (81)
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We will further bound both sides of this inequality. First, we have

k

(b− t)(M − 1)
≤ k

(b− t)M
+

k

b− t
· 1

(M∗ − 1)2
. (82)

Turning toI(P, Ŵ (M−1)), note that
∣

∣

∣
Ŵ (M)(y|x) − Ŵ (M−1)(y|x)

∣

∣

∣
≤ 2

M

≤ 2

M∗
.

Therefore from Lemma 9 we have
∣

∣

∣I(P, Ŵ (M−1)) − I(P, Ŵ (M))
∣

∣

∣ ≤ |Y|hb(2M
−1
∗ ) + 2|Y| log |Y|M−1

∗ . (83)

Plugging (82) and (83) into (81), we get

k

(b− t)M
+

k

b− t
· 1

(M∗ − 1)2
≥ I(P, Ŵ (M)) − |Y|hb(2M

−1
∗ ) + 2|Y| log |Y|M−1

∗ − ǫ1 .

Rearranging this expression and using (79), we get

I(P,Wz(Vn)) −R ≤ ǫ1 + ǫ3 + |Y|hb(2M
−1
∗ ) + 2|Y| log |Y|M−1

∗ +
k

b− t
· 1

(M∗ − 1)2
. (84)

The lemma now follows from the two bounds on the rate loss.
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